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1 Modular states

Let 90t be avon Neumanralgebra acting on the Hilbert spaté Its commutant

M ={A e B(H)|AB = BAforall B € M}

is also a von Neumann algebra. Von Neumatic®mmutantheorem states than” = 1.

Definition 1 A vector¥ € H is cyclic fordt if the subspac@nV is dense irf{. It is separating fo)t if AV =0
for someA € M impliesA = 0. Itis modular if it is both cyclic and separating fon.

AvectorU € H is separating foft if and only if the corresponding normal statg (A) = (V| AD) is faithful.
The support,, of anormalstatew on 91 is the smallest orthogonal projectidhe 9t such thatv(P) = 1. It
follows thatw(A*A) = 0 if and only if As,, = 0. In particularw is faithful if and only ifs,, = I.

Lemma 2 The support of the vector statey is the orthogonal projection on the closure®t ¥. Consequently,
avector¥ € H is separating foJt if and only if it is cyclic fort'.

Remark. SinceMt” = 9, it follows thatW is cyclic for 90t if and only if it is separating fof)t'.

Let O be aC*-algebra and’ a state or©. Denote by(H,,, 7., {2,,) the GNS representation ¢f induced by
w.

Definition 3 The statev is modular if the vectof?,, is modular for the enveloping von Neumann algetya =
7, (0)".

Note that the state is modular if and only if the vector state induced Qy is faithful onO,,. This does not
imply, nor is it implied by the faithfulness af. However, ifO is a von Neumann algebra then a faithful normal
statew is modular.

The following result links modular theory with the theory KIS states. It is often useful in applications to
statistical mechanics.

Theorem 4 Let (O, 7) be aC*- or W*-dynamical system. Ariy, 5)-KMS state € R, is modular.



2 Modular structure

Let & be a modular vector fdit. SinceV is separating fof)t
AU — AT,

defines an anti-linear involutiosl, of 9. Inspection of the graph df, and the fact tha¥ is cyclic for 9’ show
thatSy is closable and that its closuggis involutive. Sincel is cyclic for9t, S is densely defined and hence has
a densely defined adjoist* = S;. Define the self-adjoint operatdt = S*.S and write the polar decomposition
of S asS = JA'/2. SinceS is injective and has dense rangés anti-unitary. Fromi = S? = JAY/2JAY2 we
conclude thaf A'/2 = A~1/2 1% Itfollows thatJ?A'/2 = JA~1/2J* and the unicity of the polar decomposition
yieldsJ?2 =1,i.e.,J = J*.

Definition 5 The positive self-adjoint operatak is the modular operator and the anti-unitary involutionthe
modular conjugation of the pain, ¥).

The deep algebraic properties of the modular operator anpligation are the content of Tomita-Takesaki's
theorem:

Theorem 6 Let ¥ be a modular vector for the von Neumann algebra If A and J are the corresponding
modular operator and modular conjugation then the follogvirold:

1. JmJ =9,
2. For anyt € R one hasA"OA~i = 9.

Due to the unbounded nature 8fthe proof of this theorem is technically involved. It wastfipsiblished in
[T] but more compact expositions can be found e.g. in [BR1{eéhnically simpler proof is [RVD].

Definition 7 The group of--automorphisms dbt defined byt (A4) = A* AA~* is the modular group of the pair
(M, ).

More generally, itv is a faithful normal state on the von Neumann algerand A the modular operator of
(7,(0),9,) theno! (A) = 71 (Altr, (A)A~) is the modular group ab.

The main property of the modular group is the following réslule to Takesaki which can be seen as a reverse
of Theorem 4.

Theorem 8 Let w be a faithful normal state on the von Neumann algebra Thenw is a KMS state for the
modular groupo,, at inverse temperatur§ = —1. Moreover, the modular group is the only dynamics(@rior
whichw has this property.

The modular conjugation allows to construct another céobjct of modular theory.

Definition 9 The natural cone associated to the p@t, ¥) is the closed subset &f defined by
Hy = {AJAJTU| A e M}

The most important properties of the natural cone are thevolg.

Theorem 10 The natural coné+ is self-dual, i.e.,
Hy=H,={QecH|(®|Q)>0forall d c H,}.

In particular, H, is convex. Moreover, the following hold:

1. Jo=>0forall ® € Hy.

2. AJAH, C Hy forall A € 9.

3. JAJ = A*forall Ae MnNIN.



3 Standard representation

Definition 11 A quadruple(, 7, J,H) is a standard representation of th&*-algebraft if = : M — B(H)
is a representation dit, J an antiunitary involution orf{ and’H . a self-dual cone ifH{ satisfying the following
conditions:

1. Jr(9M)J = (M),
2. Jw(A)J = w(A)* for all A inthe center oft;
3. JU =Vforall ¥ € Hy;
m(A)Jr(A)Hy C Hy forall A € 9.
One of the key result in the theory @f *-algebras is the following.

Theorem 12 Any W*-algebrafi has a faithful standard representation. Moreover, thisresgntation is unique,
up to unitary equivalence.

If M is separable it has a faithful normal statend Theorem 10 shows that the corresponding GNS represen-
tation is standard. This is in particular the case of von Naumalgebras over separable Hilbert spaces which are
most often encountered in physical applications. See [8iZhe general case.

The standard representation has two properties which acteuofal importance in the study of quantum dy-
namical systems. The first one deals with normal states.

Theorem 13 Let (H, 7, J, H4 ) be a standard representation 9. Any normal states on 9t has a unique vector
representativeb,, € H,. such thatw(A) = (P, |7(A)P,,). Moreover,

[P0 — @ < [lw —v]| < [0 = Dy | + o],

holds for all normal states), v. Thus, there is an homeomorphic correspondence betweemahstates and unit
vectors ofH_.. Finally, (7(9)®,) = J (x(IM)'®,,)*, and in particular

w is faithful & @, is separating forr () < @, is cyclic forx ().

The second property concerns the unitary implementationaftomorphisms of)t in a standard represen-
tation (H, «, J,H). Denote byAut(91) the topological group ok-automorphisms ot with the topology
of pointwises-weak convergence. Let algd be the set of unitaries dff such thatUn(9)U* = «(M) and
UH, C H..Equipped with the strong operator topoldgys a topological group ang;(A4) = 7~ (Un(A)U*)
defines a continuous morphigih— Aut(901).

Theorem 14 The mapU — 7 is a topological isomorphism. Moreover, for abye U/ and any normal state
on 9t one has

1. JUJ =U.
2. Un(M)U* = (M)
3. U ®yy = Dory -

In particular, if (90, 7) is aWW*-dynamical system then there exists a unique self-adj@atator. on H such
thatr(74(A)) = e''Lr(A)e *F ande " H, C H..



Definition 15 The generatot. is called standard Liouvillean of the dynamical system, ).

The standard Liouvillean is uniquely defined up to unitaryiegjence. Ifw is a modularr-invariant state then
the induced GNS representation is standard and-thmuvillean (see Section 3 in [Quantum dynamical systgms]
coincide with the standard Liouvillean. This is in part@uthe case ifv is a KMS state forr.

The spectral properties of the standard Liouvillean aiienately related to the properties of the corresponding
dynamical system. As an illustration, the following ressla direct consequence of Theorem 13 (see [Quantum
Koopmanism] for more information on this subject).

Theorem 16 Let L be the standard Liouvillean of tH&*-dynamical syster(t, 7).
1. L has no eigenvalues if and only if there is no normahvariant state ordJt.

2. Ker(L) is one-dimensional if and only if there is a unique normahvariant statev ont. In this caseb,,
is the unique unit vector iKer(L) NH..

4 The finite dimensional case

Itis instructive to work out the standard representatioa fafite dimensional von Neumann algebrac B(CY).
This case is particularly simple sinéC?") is itself a Hilbert space for the inner product |Y) = tr(X*Y).
One hasB(CY) = M @ M+ and the predudbt, can be identified witB. Since any4 € 90t can be written as a
linear combination oft non-negative elements 6f it is easy to see that there exists a basis . ., p,, of 9t such
thatp; > 0 andtr p; = 1. It follows that
1 n
w = n ; Pjs

defines a faithful state ofit. ConsiderH = 9%t as a Hilbert space (a subspaceR{fC")). ThenQ = w'/?
is a unit vector in. Moreover, the mapr : M — B(H) defined byr(A)X = AX is ax-morphism such
thatw(A) = (Q|r(A)Q). Denote byP the orthogonal projection ofKerw)*. Clearly P € 9 and since
p; > 0 one haKerw C N;Ker p; and henc&erw C Ker A for all A € M. It follows thatRan A C Ran P
and henced = PA for all A € 9. Since the last identity is equivalent #* = A*P we conclude that
A= AP = PA = PAPforall A € 9, i.e., thatP is the unit of)t. Since there exist¥’ € 2t such that
Tw'/? = P we can writer(XT)Q = X and conclude that(9t)Q = H. We have shown thatH, 7, Q) is the
GNS representation @ft induced byw. Note that sincev is a normal faithful state, this representation is itself
faithful.

The formulas/X = X* andA/2X = w'/2XT define an anti-unitary involution and a positive self-adoi
operator or{ such that

JAY27(A)Q = n(A)*Q.

Thus,J andA are the modular conjugation and the modular operator of alire(p(7), €2).

Elements of the natural cone are givendiyd).Jr(A)Q = Aw'/2A* from which we can conclude that

Hy={AecM|A>0},
and one easily checks the validity of Theorem 10.
Let C be an element of (9)’. For allA € M andX € H one has
C(AX)=C(r(A)X) =7(A)(C(X)) = AC(X).

SettingX = P, the unit of)t, andB = C(P) € M1, we getC(A) = AB. We conclude that (1)’ consists of the
linear mapsX — X B with B € M. Thus,Jx(9M)J = =(9M)’ and we have obtained the standard representation
of the finite dimensional von Neumann algebra

Any normal state on 9t is given byr(A) = tr(pA) for a density matrixp € 9. It follows thaty — @, =
p'/? € H, is the homeomorphism described in Theorem 13.
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