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Hamiltonian description

A “small” system S:

Quantum system governed by some hamiltonian hS acting on hS .

A chain C of quantum sub-systems Ek (k = 1, 2, . . .):

C = E1 + E2 + · · ·
Each Ek is governed by some hamiltonian hEk acting on hEk .

Interactions:

Interaction operators vk acting on hS ⊗ hEk .

A sequence of interaction times τk > 0.

For t ∈ [tn−1, tn[, tn = τ1 + · · ·+ τn :

S interacts with En,

Ek evolves freely for k 6= n,

i.e. the full system is governed by

h̃n = hS + hEn + vn +
∑
k 6=n

hEk = hn +
∑
k 6=n

hEk .
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The repeated interaction dynamics

Data:

1 Full Hamiltonian: hn = hS ⊗ 1lEn + 1lS ⊗ hEn + vn.

2 Initial state of S: density matrix ρ ∈ J1(hS).

3 Initial state of En: ρEn (invariant state for the free dynamics of En,
e.g. Gibbs state at some inverse temperature βn).
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After 0 interaction, the state of the total system is

ρtot(0) :=

e−iτn h̃n · · · e−iτ2h̃2e−iτ1h̃1
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⊗
k≥1

ρEk

)
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The reduced dynamics map

We are interested in the system S, i.e. (mainly) expectation values of
observables of the form AS ⊗ 1l. At “time” n the state of S is given by

ρ(n) = TrC(ρtot(n)).

If S is in the state ρ before the n-th interaction, after it it is in the state

Ln(ρ) := TrEn
(
e−iτnhnρ⊗ ρEn eiτnhn

)
.

and the “repeated interaction” structure induces a markovian behavior:

∀n, ρ(n) = Ln(ρ(n − 1)).

=⇒ One has to understand Ln ◦ · · · ◦ L1 as n→∞.
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Some questions about RIS

Large time behaviour:

Existence of the limit lim
n→+∞

ρ(n) = ρ+?

Several situations : ideal (identical interactions, equilibrium),
random (non-equilibrium), leaky (non-equilibrium).

Thermodynamical properties:

Energy variation (external work, power delivered to the system)?

In the non equilibrium case : fluxes?

Entropy production?

Concrete examples
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Spectrum of a RDM

A key ingredient will be the spectral analysis of the RDM : existence of
invariant state, spectral gap,... For example, in the ideal case
ρ(n) = Ln ◦ · · · ◦ L1(ρ) = Ln(ρ).

The Ln are completely positive and trace preserving maps on J1(hS).

Consequence:
Spec(Ln) ⊂ {z ∈ C | |z | ≤ 1},
1 is in the spectrum.

1
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Ideal RIS

Take all the interactions identical, i.e. hEk ≡ hE , hEk ≡ hE , τk ≡ τ ,
vk ≡ v . Hence Lk ≡ L.

Ergodic assumption (E):

Spec(L) ∩ S1 = {1},
1 is a simple eigenvalue.

1

Theorem (B.-Joye-Merkli ’06)

Let dim hS <∞. If (E) is satisfied, there exist C , α > 0 s.t. for any
initial state ρ

‖ρ(n)− ρ+‖1 ≤ Ce−αn, ∀n ∈ N,

where ρ+ is the (unique) invariant state of L.

Remark: one can allow for more general S, assuming e.g. that 1 is an
eigenvalue of L + spectral gap.
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Ideal RIS: examples

Example 1:

S and En are 2-level systems, i.e. hS = hEn ≡ hE = C2, with energy
levels {0,E}, resp. {0,E0}, i.e. hS = Ea∗a, hEn = E0b∗nbn.

vn = λ(a⊗ b∗n + a∗ ⊗ bn).

ρEn = ρE,β := e−βhE/Tr(e−βhE ).

If ντ /∈ 2πN where ν =
√

(E − E0)2 + 4λ2,

‖ρ(n)− ρS,β∗‖1 ≤ Ce−γn, ∀n ∈ N,

where β∗ = E0

E β and γ = − log

(√
1− 4λ2

ν2 sin2
(
ντ
2

))
.

Example 2: One-atom maser [B.-Pillet ’09].
Same as above but hS = Γ+(C) and hS = Ea∗a (single-mode EM field in
a cavity). If, for any k ∈ N∗,

√
(E − E0)2 + 4kλ2τ /∈ 2πN then

lim
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

ρ(n)− ρS,β∗
∥∥∥∥∥
1

= 0
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Random RIS: setup

We allow some fluctuations w.r.t. ideal situation (e.g. interaction time,
temperature): L = L(ω0) random variable with values in CP trace
preserving maps on hS over some probability space (Ω0,F ,p).

Product of i.i.d. RDMs: Ω = ΩN∗
0 , dP =

∏
n≥1 dp and ω = (ωn)n≥1.

⇒ Understand ρ(n, ω) = (L(ωn) ◦ · · · ◦ L(ω1)) (ρ).

A simple case: L(ω0) is a rank one projection, i.e. (L(ω0))(ρ) ≡ ρ+(ω0).
⇒ For any n, ρ(n, ω) = ρ+(ωn).

Consequence: unless ρ+(ω0) ≡ ρ+, no convergence in the usual sense,
but in the ergodic mean

lim
N→∞

1

N

N∑
n=1

ρ(n, ω) = E(ρ+), a.e. ω.
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Random RIS: results

Theorem (B.-Joye-Merkli ’08)

Let dim hS <∞. If p(L(ω0) satisfies (E)) > 0, then

1 E(L) satisfies (E).

2 For any ρ ∈ J1(hS), lim
N→∞

1

N

N∑
n=1

ρ(n, ω) = ρ+, a.e. ω ∈ Ω, where

ρ+ is the unique invariant state of E(L).

If moreover there exists ρ+ s.t. L(ω0)(ρ+) = ρ+ for a.e. ω0, i.e. there is
a deterministic invariant state, then there exists α > 0 s.t. for any
ρ ∈ J1(hS) and for a.e. ω ∈ Ω, there exists C (ω) > 0

‖ρ(n, ω)− ρ+‖1 ≤ C (ω)e−αn, ∀n ∈ N.

Remark: it is a law of large numbers.
Open question: more information on the law of ρ(n, ω)?
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Random RIS: example

Take example 1 above (2-level systems). Recall:

L satisfies (E) iff τ /∈ TN with T = 2π/
√

(E − E0)2 + 4λ2,

ρS,β∗ is an invariant state of L, with β∗ = βE0/E .

We consider 2 situations: the interaction time is random τn = τ(ωn) or
the temperature of the En is random: βn = β(ωn).

1 Suppose βn ≡ β and τ(ω0) > 0 is a random variable satisfying
p(τ(ω0) /∈ TN) > 0. Then there exists α > 0 s.t. for any
ρ ∈ J1(HS) and for a.e. ω ∈ Ω, there exists C (ω) > 0

‖ρ(n, ω)− ρS,β∗‖1 ≤ C (ω)e−αn, ∀n ∈ N.

2 Suppose τn ≡ τ /∈ TN and β(ω) is a random variable. Then for any
ρ ∈ J1(HS),

lim
N→∞

N∑
n=1

ρ(n, ω) = E(ρS,β∗(ω)).
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Leaky RIS: setup

The system S is now coupled to an additional reservoir R (e.g. to take
into account the losses in the cavity of the one-atom maser).

The additional reservoir consists in a gas of non-interacting and
non-relativistic fermions at inverse temperature βR:

one particle space: hR,1 = L2(R3,dk).

one particle hamiltonian: hR,1 = |k|2.

The total Hilbert space is then hR = Γ−(hR,1) = ⊕∞n=0 ∧n hR,1.

The hamiltonian is hR = dΓ(hR,1).

Its initial state ρR is the quasi-free state with one-body density
matrix TR = (1 + eβRhR,1)−1, i.e. ρR(a∗(f )a(g)) = 〈g ,TRf 〉.
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Leaky RIS: result

⇒ ”h = hS + hE + hR + λEvE + λRvR”.

L is now the RDM with S replaced by S +R.

Issue: one cannot apply the previous results since the spectral assumption
(E) is typically not satisfied (essential spectrum on the unit circle due to
the presence of R).

Solution: use a deformed version Lθ := Tθ ◦ L ◦ T −1θ of L (analytic
deformation in the reservoir variables) to get rid of essential spectrum.

Theorem (B.-Joye-Merkli ’10)

Let dim hS <∞ + regularity assumptions. If Lθ satisfies (E) for some θ,
there exists λ0 > 0 s.t. if 0 < |λR,E | < λ0 for any initial state ρ of S and
any observable A on S +R

lim
n→∞

Tr (Ln(ρ⊗ ρβR)A) = ρ+,λ,θ(A(θ)) =: ρ+,λ(A),

where ρ+,λ,θ is the (unique) invariant state of Lθ and A(θ) = Tθ(A) is
the analytic deformation of A.
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the analytic deformation of A.
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Leaky RIS: example

We continue example 1:

S and the En’s are 2-level systems with energy levels {0,E}, resp.
{0,E0}.
the En’s are initially in thermal equilibrium at inverse temperature
βE .

vR = σx ⊗ (a(f ) + a∗(f )) where f is a form factor satisfying some
regularity assumption.

If ‖f (
√

E )‖2G :=
∫
S2 |f (

√
E σ)|2dσ 6= 0 and τ(E0 − E ) /∈ 2πZ∗, then the

above theorem applies and the asymptotic state ρ+,λ is given by

ρ+,λ =
(
γρS,βR + (1− γ)ρS,β∗E

)
⊗ ρR + O(λ),

where β∗E = E0

E βE and γ is given by

γ =
λ2Rγth

λ2Rγth + λ2Eγri
, γth =

π

2

√
E‖f (

√
E )‖2G, γri =

τ

2
sinc2

(
τ(E0 − E )

2

)
.
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Energy variation

The total Hamiltonian is time-dependent ⇒ the total energy is usually
not conserved.
During the n-th interaction the energy is constant, formally given by

Tr
(
ρtot(n − 1)hn

)
= Tr

(
ρtot(n)hn

)
.

When one switches from interaction n to interaction n + 1, there is an
energy jump (external work):

δW (n) := Tr
(
ρtot(n)× (hn+1 − hn)

)
= Tr

(
ρtot(n)× (vn+1 − vn)

)
= TrS,En+1 [ρ(n)⊗ ρEn+1 vn+1]

−TrS,En
[
ρ(n − 1)⊗ ρEn eiτnhnvne

−iτnhn
]
.
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Energy variation

In the ideal case, one easily gets

Proposition (B.-Joye-Merkli ’06)

If Assumption (E) is satisfied,

∆W := lim
n→∞

1

τ
δW (n) =

1

τ
TrS,E

(
ρ+ ⊗ ρE (v − eiτhve−iτh)

)
.

In the random case we have,

Proposition (B.-Joye-Merkli ’08)

If p(L(ω0) satisfies (E)) > 0, then

∆W := lim
N→∞

1

tN(ω)

N∑
n=1

δW (n) =
E
(
TrS,E

(
ρ+ ⊗ ρE (v − eiτhve−iτh)

))
E(τ)

,

where ρ+ is the unique invariant state of E(L).
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Entropy production

We assume that the ρEn are Gibbs states at inverse temperature βn.

Fix a reference state ρS for S and let ρ0 = ρS ⊗
⊗
k≥1

ρEk .

Relative entropy: Ent(ρ|ρ0) = Tr(ρ log ρ− ρ log ρ0) ≥ 0.

Theorem (B.-Joye-Merkli ’06 -’08)

1) Ideal case: if (E) is satisfied, then

∆S := lim
n→∞

1

τ
(Ent(ρtotn+1|ρ0)− Ent(ρtotn |ρ0)) = β∆W .

2) Random case: if p(L(ω0) satisfies (E)) > 0, then

∆S := lim
n→∞

Ent(ρtotn |ρ0)− Ent(ρ|ρ0)

tn(ω)

=
E
(
β TrS,E

(
ρ+ ⊗ ρE (v − eiτhve−iτh)

))
E(τ)

.

In particular, if β is not random we still have ∆S = β∆W .
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Thermodynamics of leaky RIS

S is coupled to two environments : the chain and the reservoir. Besides
∆W and ∆S we can study the energy fluxes.
During the n-th interaction, the energy changes in the chain and the
reservoir are

δEC(n) := Tr
(
(ρtot(n + 1)− ρtot(n))× hn

)
,

δER(n) := Tr
(
(ρtot(n + 1)− ρtot(n))× hR

)
.

Proposition (B.-Joye-Merkli ’10)

Assume Lθ satisfies (E) for some θ. Then the limits

∆EC := lim
N→∞

1

Nτ

N∑
n=1

δEC(n) and ∆ER := lim
N→∞

1

Nτ

N∑
n=1

δER(n)

exist as well as ∆W and ∆S. Moreover we have

∆W = ∆EC + ∆ER and ∆S = βE∆EC + βR∆ER.
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Thermodynamics of the example

Recall T = 2π/
√

(E − E0)2 + 4λ2, and let κ :=
16π2λ2E0

T 2
sin2

(πτ
T

)
.

Without leak we compute explicitly

∆W =
Cov

(
κ, 1

1+e−βEE

)
E
(

1
1+e−βEE

) , ∆S =
Cov

(
βκ, 1

1+e−βEE

)
E
(

1
1+e−βEE

) .

In particular, if only τ is random (or ideal situation) ∆W = ∆S = 0, and
if only β is random ∆W = 0 while ∆S ≥ 0 and vanishes iff β(ω) ≡ β a.s.
With leaks we have

∆EC = CE0

(
e−βRE − e−β

∗
EE
)

+ O(λ3),

∆ER = CE
(
e−β

∗
EE − e−βRE

)
+ O(λ3),

∆W = C (E0 − E )
(
e−βRE − e−β

∗
EE
)

+ O(λ3),

∆S = C (β∗EE − βRE )
(
e−βRE − e−β

∗
EE
)

+ O(λ3),

where C is explicit and of order λ2.
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