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A is a von Neumann algebra C B(h) (A = M,(C))
h separable Hilbert space

T is a Quantum Markov Semigroup (QMS) on A, i.e. T= (T¢)r>0
is a family of linear operators T; : M — M such that:

1. w*- continuous semigroup (Tp = 1, Trys = Tt 0 Tg)

2. 7:(1)=1

3. T¢ completely positive
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T is a Quantum Markov Semigroup (QMS) on A, i.e. T= (T¢)r>0

is a family of linear operators T; : M — M such that:
1. w*- continuous semigroup (Tp = 1, Trys = Tt 0 Tg)
2. 7:(1)=1
3. T¢ completely positive

but T; positive is enough, i.e. T;f >0 for f >0

= each T; is a contractive operator

L infinitesimal generator, £ = %‘J}\t:o

€ sesquilinear form, ....
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wnvartant states
3 a faithful (normal) and invariant state p ( p = its density matrix)

p invariant < tr(pT¢(f)) = tr(pf) for all f and t
p faithful < (f >0, tr(pf) =0 imply f =0)
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wnvartant states
3 a faithful (normal) and invariant state p ( p = its density matrix)

p invariant < tr(pT¢(f)) = tr(pf) for all f and t
p faithful < (f > 0, tr(pf) =0 imply f = 0)
induced scalar product and norms, (f,g € A, p > 1)

(f. &), = tr(p'/F*p'g) 1115, = te(|p/2PFp1/2P[P)

=T (A || lp,p) = (A, ]| ||p,p) is contractive V p

T is p-symmetric if (f,T:g), = (T:f,g), forall f,g and t
iff (f,Lg), = (Lf,g), forall f,y

E(f,g) =—(f,Lg), € is a sesquilinear positive form on A

(Analogue for commutative algebras)
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Spectral gap

p(f) = tr(pf) = (1,f),, Var(f) =|If — p()I3,
gap(L) := |nf{$g(? feA f#p(f)} >0
i.e. gap(L) is the best constant A verifying

AVar(f) < &(f,f)  (SGI()))
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Spectral gap

p(f) = tr(pf) = (1,f),, Var(f) =|If — p()I3,
gap(L) = mf{var(f feA f#p(f)} >0
i.e. gap(L) is the best constant A verifying

AVar(f) < &(f, f) (SGI(N))
Th. gap(£) is the best constant A verifying

|Tef — p(F)]l2 < e ||If — p(F)]2 forall f € A, t > 0.

Tl =1, Pry(f) = (1, f),1 = p(f)1

1 Tef = p(£)|13 = |Tef — p(Tef)|5 = Var(T,f)



SPECTRAL GAP

e the definition can be extended to the case when the invariant
state is not unique replacing span{1} with ker £

gap(L) = inf { ﬁ;ﬁl  f € (ker L)\ {0}}




SPECTRAL GAP

e the definition can be extended to the case when the invariant
state is not unique replacing span{1} with ker £

gap(L) := inf { ﬁ;ﬁl f e (kerL)J‘ \ {0}}
e Th. (RC and J. Bolafios, 2013 — Reduction method)
T semigroup acting on a Hilbert space H with a generator £,

H = DpenHn, N finite or denumerable
where the subspaces (H,), are closed, mutually orthogonal and
L(H,) C Hp. Then
1- f = 32, fy with £, € 3, = E(F) = 5, €(6), [F15 = X2, 162
2- if, moreover, (ker £) = @,K,, with K, C H,, then

gap(£) = irl17f gap(Lmn).
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Eramples

1
£(x) = ilH,x] = 5 > (LjLjx = 2LjxL; + xL5L;),  x € B(h)
i>1



Eramples

L(x) = i[H,x] — % D (LLix —2LxLj+xLiLj),  x € B(h)
j>1
1. h=/12(N), (es)n 0.n. canonical basis,
Se, = eny1, Ne, = ne,, at = N/2§
la- quantum birth and death semigroups:
Ly = p(N)S, Ly=AN)S*, H=..
(a quantum Ornstein-Uhlenbeck L; = ppa, Ly = Aga™ with A\g < pp,
or 2-photon absorption and emission process
Ll = ﬂoa2, L2 = )\oa+2, H= ma*ZaZ)
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Eramples
£(x) = i[H,x] = 5 D (LLix —2LxLj+xLiLj),  x € B(h)
j>1
1. h=/12(N), (es)n 0.n. canonical basis,
Se, = eny1, Ne, = ne,, at = N/2§

la- quantum birth and death semigroups:
Ly = p(N)S, Ly=AN)S*, H=..
(a quantum Ornstein-Uhlenbeck L; = ppa, Ly = Aga™ with A\g < pp,
or 2-photon absorption and emission process
Ll = u082, L2 = )\oa+2, H= ma*ZaZ)

1b- generic semigroups

Lmj = v/ Ymj |ej><em| forj#m, H= ZmeN Km|€m){€eml,
with ymj > 0 for m # j, Ymm 1= — > ., Ymj finite, £m € R
2. h = CP, circulant semigroups
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feA f>0,denote f = pl/4fpl/4
H(f) = tr (g7 - 31g0) — IFIZ . le [l
if [p, f] = 0, then H(f) = tr(pf?Ig =) = X, pufP Ig ”f’[ﬁ
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Log-Sobolev inequalities

f e A, f >0, denote f = p/*fpl/4
H(F) = o (F(g 7 — 4 Igp)) — 1713, g 112,

if [p, f] = 0, then H(f) = tr(pf? Ig 7f.—) = X o f2 18 [l

e T verifies a (tight) log-Sobolev inequality with constant c if

H(f) < c&(f, f) for all positive f (LSI(c))

Gross 1975,
Bakry and Emery 1985,
Diaconis and Saloff-Coste 1996, Chen and Sheu 2003

Carlen Lieb 1993, Biane 1997, Bozejko 1999, Krolak 2005

AND ENTROPY DECAY
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e T is hypercontractive if

1Te(F)llqe) < exp(d(1 —2/q(t))) [If]l2

with d >0, g(t) = 1 + e?*/< for some ¢ > 0
(tightly or strictly when d = 0)



LoG-SOBOLEV INEQUALITIES

e T is hypercontractive if

1Te(F)llqe) < exp(d(1 —2/q(t))) [If]l2

with d >0, g(t) = 1 + e?*/< for some ¢ > 0
(tightly or strictly when d = 0)

Theorem (Olkiewicz and Zegarlinski, JFA 1999)

(a) T hypercontractive = T verifies a weak LSI:
H(f) < c&(f, f)+dHf||%7p vVf >0

(b) if T verifies a weak LSI and € is"dp-regular”
= T is hypercontractive with constant d replaced by d + cdp.

Examples:
- quantum Ornstein-Uhlenbeck (RC&E.Sasso, PTRF 2008),
- diagonal preserving QMSs on M>(C) (RC, IDAQP 2004)
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Relative Entropy
E(f) = te(p™*FpM?(1g(p'*Fp"?) —lg p)) — IIf[l1 lg[If]l1, £ >0
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Relative Entropy
E(f) = tr(p"2F o' (1g(p*Fp*) — lg ) = |If L g Iflls, £ >0
We use the embedding (f > 0)
Ip.o(f) = p*1/2p(p1/2qfp1/2q)q/pp71/2p, Ipg: L9 —LP
and an associated operator valued relative entropy Tg,

To(F) = (fp/?9) Ig(p'/29f p'/29)p~ 1120 — {F,lg p} = —q:ft lgvs,q(F)

H(f) (f, To(f)) = [IF13 g [I£]l2
E(f) = (L Tu(f) = lIfllleglfll = 2H(k(f))
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Relative Entropy
E(f) = tr(p"2F o' (1g(p*Fp*) — lg ) = |If L g Iflls, £ >0
We use the embedding (f > 0)
Ip.o(f) = p*1/2p(p1/2qfp1/2q)q/pp71/2p, Ipg: L9 —LP
and an associated operator valued relative entropy Tg,

To(F) = (fp/?9) Ig(p'/29f p'/29)p~ 1120 — {F,lg p} = —q:ft lgvs,q(F)

H(f) = (f, Ta()) = 12 1g]If]l2
E(f) = (L Tu(f) = lIflxlglIfll = 2H(k1(f))
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E(f) = tr(pf Ig(f/IIf1)).  H(f) = FE(?)
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Relative Entropy
E(f) = tx(p'/*fp™*(1g(p"* %) = Ig p)) — [If 1 lg||f[l1, f >0

1/2f,1/2 o Lol
P fp |f[,_,fl 0 f _v
112 112

v is a state!

E(f) = |flltr(v(lgv — lgp)) = [If]15(v|p)

- when p and f commute,
Ip.q(f) = fa/p, T4(f)=flgf forany pandgq

E(f) = tr(pf Ig(f/IIf1)).  H(f) = FE(?)
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Entropy exponential decay

T verifies a Modified Logarithmic Sobolev inequality of constant ¢
when

cE(f) < &(lg(p*/?Fp'/?) —Igp,f)  VF>0  (MLSI(c))

Th. The following conditions are equivalent:
a) E(T:f) < e “tE(f) for all £ > 0;
b) MLSI(c).
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Classical (commutative)

LSI(c) RN ‘ hypercontractivity ‘

J
MLSI(2/c) PN ’ uniform exp. decay of the entropy ‘

Y
3

SGl (¢c7') | <= | uniform exp. conv. in L?(p) norm

Figure: Scheme of hierarchical order in the commutative case

Bobkov& Tetali 2004, Bakry&Emery 1985, Guionnet&Zegarlinski 2003
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Quantum (non-commutative)

LSI(c) &Y ‘ hypercontractivity ‘

Ywre)

MLSI(2/c) PN ‘ uniform exp. decay of the entropy ‘

SGI (c™) < | uniform exp. conv. in L2(p) norm

Figure: Scheme of hierarchical order in the commutative case
LSI(c) = SGI (c71)
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Regularity conditions

For f positive and p conjugate to g,
Eq(F, 1) = —~(lpq(F), £F) = —(p~ Y/ (p1/23f p1/23)3/P =112 L f),

e T verifies the regularity condition (not tight if dy # 0) when

2

(RC)  Ex(hgf. hof) < ﬁeq(a AltrdollfI2 forallg>1

e 7 verifies the weak regularity condition with constant 5 when
(WRC-B)  BE(haf, haf) < E(g(p"/?Fp*'?) — g p, )

the (WRC) standard when the coefficient is 5 = 4.
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