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The problem I

The model: Particle in random force field: “Langevin without friction”

(1) = G(y(1),7), y(0) = yo € R%, (0) = vy € R?
Gy, 7) = =2 N ANVyW(y — N, T+ dnN).
o W € C5°(B(0, 3) C R?), rotationally invariant; W (7 + 1) = W(7),
o, W(y, 1) # 0.
e The coupling constants A and phases ¢ are bounded iid random variables.
The ¢ are uniformly distributed in [0, 1].
e The scattering centers x v: a locally finite, possibly random family; finite horizon.

The question: Prove v?(7) ~ 7%, 12(7) ~ 77, in a suitable probabilistic
sense, for some v, 8 > 0, as 7 — +00. How do the exponents depend on W, on

the geometry of the (v ) and on the dimension d?

Note: If 0. W (y, 7) = 0, then trivially & = 0. But 3 is non-trivial. Keywords: (soft)
Lorentz gas, Sinai billard.

In this talk: Proof that & = 2/5 for d > 6 and high initial v, in a simplified model
that ignores possible recollisions, that is described below.









Describing the particle’s motion I

Think of (y(7),v(7)) as a stochastic process on the probability space generated
by the (AN, PN, TN ).

A trajectory = periods of free motion + scattering events at instants 7,,, centers

UYn = XN, , Where the particle is deviated by the local potential, with coupling
constant A, := Ay, and phase ¢,, ‘= ¢n, + Tn; V(Tn) = Vn = ||Un]||€y is the
velocity just before the nth scattering event, at y(7,,) = y,, = Tn, — =€y, + by,
where b,, - e,, = 0, so that b,, is the impact parameter (a vector!).

Repeated interaction: the process
(Un, bn, TN, ,Tn) encodes  (almost)
all information about the full process

(y(7),v(7)).




Determining (v,,, b,,, ¢,,, T,,): dynamics and geometry

e Computing v, +1: The velocity just after the nth scattering event is
Un4+1 = Up + R(Una /{n)a

where Kk, = (bn, An, ¢y ) and for all v, b with v - b = 0, the impulse function is
+0o0
R(v.) = R0, 0, 0) = =A [ drVIV(y(r).7 +0)
0

in which y(7) is the unique solution of

1 v

i(7) = AVW(y(r).7+6), y(0)=b= g §(0)=v

This is where the dynamics takes place for v, .
e Computing b, 41, Tna1, @n1 involves the geometry of the x .

Simplification: Trivialize the geometry and conserve only the non-trivial dynamics
of the velocity proves by considering the following simplified model.



A Markov chain description I

With the map R(U, /ﬁ)) defined on the previous slide, and considering a family
Kn = (bn, An, ®n) of iid random variables, we can define the Markov chain

Un4+1 = Un + R(Una '%n)

14
Thn+1 — Tn +
[y
Un
Yn+1 = Yn + gen—l—la En+1 = 7
[vn]|

which provides a simplified model of the original problem. Here the \,, are

distributed in [—1, 1], the ¢,, are uniformly distributed in [0, 1], and the b,, are
uniformly distributed in the ball of radius 1/2 centered at 0 and perpendicular to v,,.
We will write dp(k,, ) for the corresponding probability measure.

Remarks: (i) The first equation drives the two others, but is independent of them.
(ii) For fixed v, R(v, k) is only defined almost surely in «. Trapping possible at low

kinetic energy! This does not occur at high enough energy.
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Goal: Prove |[v,]| ~ n'/ = 7, ~ n%6 = ||v(r)|| ~ /7 v = %



Statement of the result '

THEOREM 1 Suppose d > 6. Then

(i) ForallQ < p <1, forallv > 0, there exists v, > 0 such that for all
|lvo|| > vs, we have

1 1-v 1 14+v
B (w20, (ol +62) " <o) < (ol +28) ) 21—

(i) Forallv > 0, we have

1\ 1—v 1\ 1+v
lim IP’(W>O, (Ilooll +¢2) < o)l < (llvoll +¢) ):1.

[vo|—+o00

QUESTIONS

(i) What is the role of the high initial velocity condition?

(i) Why is d large needed?

(iii) Is the result false in low dimension or if the initial velocity is low?
(iv) What about moments of ||v(t)||?

(

v) Can’t you get rid of v/?



Strategy of the proof I

Step 1. Control the high velocity behaviour of R(v, k).

Step 2. Consider the family of Markov chains for A¢ ~ ||v,,||?/||vo]|? indexed by
e = ||vo|| =2 and show (using Step 1) their limit as € — O is, under appropriate
scaling (homogenisation or averaging), a Bessel process of dimension § = % + %
Step 3. Introduce an auxiliary process 1y € Z and corresponding stopping times
such that (approximately) vy, || ~ 2. Note that 1741 = 1¢ &= 1 and that

Aty =ty 1 — t; is the time needed for the process ||v,,||* to double or half its
value.

Step 4. Exploit Step 2, properties of the Bessel process and the Portmanteau
Lemma to show that, provided d > 6 and 1 is large enough, 1), is a submartingale
and to control the At,. Basically: there exists 1 > 0 so that

Ne ~ Mo+ ul, Aty ~ 2%

Step 5. Conclude.
Step 1. Extracted from Aguer, DB, Lafitte, Parris 2010.
Step 2-4. Adapted from Dolgopyat-Koralov 2009.



Step 1. High ||v|| expansions

= Oé(k)(&”") —K-1 v
R(”?’{’):Z ||U||k +O(||UH )7 €= M7
k=1
with oD (e, k) = =\ [°7 da VW (b + e, ¢). Then
1 2 2 . 58U (e, ) ~L-1
AB(v, k) =5 ((v+ R(v,1))* —v?) = ) _ e +O(llol =),
(=0
and
BOe k) = e-aVie,r)=0
+00
BV, k) = e-aP(e k)= )\/ dz 0,W (b + ze), @)

So, AE(v, k) is of order ||v|| ™! in this situation. We need the following
information:



Define: f(v) = [dp(b,\, @) f(v, ),k = (b, \, p).

THEOREM 2

AE(©) = B+ O(lol| ), (BE@)? = 2% + 0([lo] %),
where B = (d — 3)D? /2. In particular, for all unit vector e € R™ and for
¢t=0,1,2,3,

B0(e)=0, B=pD(e) and D*=(8M(e))? > 0.

Conclusion: the energy transfer in a single scattering event is a random variable

1=

with fluctuations of order ||v|| =1 and a mean of order ||v|| 4. Then, with

o, |3 (1) 1 B 1. 1
= oW, = — “(d—2)>—=
S sp > Wn= p and v=g( o) =gld=2)

Ent1 = €n+wn+€+o 0 (.17 +0(&,4?).

Here the notation Oq(||v,, || 1) means the term is O(||v,,||~1) and of zero

average.



WARNING Step 1 gives no information on the behaviour of R(v, k) when v,, and
hence &,, is small. Obtaining such information is difficult because of the possibility of
trapping. As a result, when looking at the Markov chain for &,, € Rj,

§n+1:§n+wn+§—+o 0(§, 1) +0(&, %),

it is a priori quite possible for &,, to become small, even if & is large. This WILL
happen if v = 0, for example.
We will see that, with high probability, this does NOT happen if v > 1/2 < d > 6.

This explains the origin of the latter condition in the central result.



The goal of Steps 2 to 4 is to prove the following result on the Markov chain &,,.

Ena1 = fn—Fwn—l—gl—FOo(551/3)%—0(5;4/3); ]E(wn) = 0, E(wi) =1, w, € [—M,f

Note that all model-dependence is gone and that v = =2
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THEOREM 3 Suppose v > % Then

(i) ForallO < p <1, forallv > 0, there exists £, > & such that for all
Eo > &4, we have

P(Vk e N, (§O+k%>l_y <& < (§O+k%)1+y) >1—p, (1)

(i) Forallv > 0, we have

lim P(\meN, (£o+n%)1_” <¢, < (g0+n%)””) —1. @

Eo——+o0

REMARK. Roughly, the theorem says &,, ~ /1, 50 ||[vp|| ~ n'/6, which is the
desired result.



Step 2. Homogenisation
Introduce € = 50_1 and A° := €&, . Note that A = 1, independently of ¢.
Consider, for n € N, t,, = ne?. Define

trp1 —t t—t
AS(t) = ’”“62 TAE + 62” € i1, fort € [tn,tni1]. (3)

THEOREM 4 Fixed T' € R . If v > 1/2, the processes (Af)c[o, 7] converge,
as € — 0, weakly to the Bessel process A, of dimension 2 + 1, and with initial

condition 1:
dA; = dB; + Ldt, Ay =1.
Ay
LEMMA Letvy > 0, and let A be a Bessel process of dimension 2y + 1 with
A(0) = 1. Let

T, = inf{t > 0| At g]%,z[}, T —inf{t > 0| A(t) < %}, T, —inf{t > 0| At

(i) Then, forallT > 0,0 < P(T, >T) < 1.
22771 —1

22v—1 _ 912~

(i) If in addition y > 1, P(T_ > T,) = > 2



Step 3. The auxiliary process 1)

Let 0 < M < L and define the intervals J,, = [2"7 — L; 2" + L], for n € N. For
n # 1’ large enough, we have J,, N J,» = (). Also, for 77 large enough, the process
&y, cannot jump across one of these intervals without visiting it. Define 1g, 79 by

f() = 2?70, TO — 0.

Then
T1 = mf{k > 70 | fk c Jno—l U J770‘|—1}’ (4)

Wedefinen =mno + 1, if &, € Jyy+1, andny =no — 1, i &, € Jp—1.
We then proceed recursively:

To+1 = Hlf{k’ > Ty ‘ gk S J’ng—l U J77£+1}7
Ne+1 = MNe + 1, if ‘ST@-H = J"?z—i-l? and 7¢4+1 = ne — 1, if €T£-|—1 = ‘]773—1'

We want to show that, for some p > 0,

e~ o+ pl, 7o~ 2% andhence &, ~ /7.



Step 4. Controlling 1, (and At))

The process 7)¢ is not a Markov process. To control its asymptotic behaviour, we
show it is, with high probability, a submartingale, if 1)g is sufficiently large, and
control its jump probabilities P(1p11 =1 £ 1| ng, ..., M0).

The transience of the chain &, is essential in the arguments of this section; it is, as

we shall see, ensured by the condition that v > %
PROPOSITION

(i) Suppose y > % For all 0 > O there exists 1) > 1 such that for all { € N*
and for almost all g, N1, ...,Me—1 > N4, Ne > 1), we have

P (nes1 =ne £ 1ne, ..., m0) — x| <0,

227—1_1 1
where py = szi—1—51—27 > 5 andp_ = 1 —py.

(i) ForallO0 < p < 1 and forall 0 > 0, there exists n, > 1 so that for all
Tlo Z 7]+

P(lne—pl —mno| <6 +mn9),¥¢eN)>1—p,

where p = 2p1 — 1 > 0.



