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We would like to show that in a certain limit low lying excitation spectrum of an
N-body Schrodinger Hamiltonian with repulsive interaction is given by the Bogoliubov
approximation. This limit will involve N — oo, weak coupling and large density. It will

allow for an arbitrarily large size of the box provided that it does not grow too fast.



Potential

We start with a real function v on R?. We assume that v(x) = v(—x) and that
v e LYRY), o e LYRY,
v(x) >0, xeR’  9(p)>0, peR’

Then we replace the infinite space R? by the torus | — L/2, L/2]¢. The potential v is

replaced by its periodized version

L 1 ipx
v (X):(277L)d Z eP*0(p).

pe(2m/L)Z4

We will always assume that L > 1.



Hamiltonian

Ld
H]%,:—ZAZ.LJFN Z v (x; — x;). (0.1)
=1 1<i<j<N
Total momentum

N

Pi=—> ik, (0.2)

=1

From now on, we will drop the superscripts L.



We will denote by En the ground state energy of Hy.

For p € 22Z\{0}, let K} (p), K%(p), ... be the corresponding excitation energies, that
is, the eigenvalues of Hy — E of total momentum p in the increasing order.

The lowest eigenvalue of Hy — Ey of total momentum p = 0 is 0 by general arguments.
Let K},(0), K%(0),... be the next eigenvalues of Hy — Ey of total momentum 0, also in

the increasing order.



Introduce the Bogoliubov energy

Foog = —5 > (IpP +0(0) — v/l + 200)IoF)

pEFZ4\{0}

and the Bogoliubov elementary excitation spectrum

ep = V/|p|* + 20(p)[pf?, (0.3)

For any p € %Zd we consider the Bogoliubov excitation energies with total momentum p:

27
{Y e k. keTZ kit Hk=p, j=12..}

Let K3

Bog(P)s KBoe (D), - - - be these excitation energies in the increasing order.
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Lower bound.
Suppose that L?™*2 < N. Then there exists C' such that

Ex > =6(0)(N — 1) 4+ Egog — CNY/2[2443,

1
2
Moreover, if £ > 0 and L“2(LY + k) < N then there exists C' such that if K]{[(p) < K,
then

. 1. :
By + K4(p) = 50(0)(N = 1) + By + K, (p)

—CN_l/QLd/2+3(/€ + Ld)3/2.



Upper bound.
Suppose that L2 < N. Then then there exists C' such that

1

Ey < S0(0)(N = 1) + Epog + CN-Y2L2+3/2

Moreover, if k > 0 and L92(k 4+ L41) < N, then there exists C such that if K]gog(p) < K,
then

, 1. ,
En + K?V(p) < 51}(0)(]\] o 1) + EBog + Kﬁiog(p)
FON 2L (o 4 [A1)3/2,



Special case of this theorem with L = 1 was proven by R. Seiringer.
Mimicking his proof gives big error terms — they are of the order N~/ exp(L%?). To

get better error estimates we need to modify somewhat his method.



Consequences of the min-max principle

Let A be a bounded from below self-adjoint operator with discrete spectrum. We define

Sp(A) := (Fy, By, ...),
where E1, E», ... are the eigenvalues of A in the increasing order. If dim H = n, then we
set En+1 = En+2 == - = OQ.
A< B implies 5p(A) < 5p(B).

Rayleigh-Ritz principle

B(A) < @(P,CAP,C]K). (0.4)



Fock space
Him & My =T, (B(F2).
Second quantization notation

00 1 R
H = NGEO Hy = Z p’ala, + o Z U(k)aLkaLkaqap.
- p p,a.k

Number of particles in and outside of the condensate

Ny = agao, N~ = Zagap.
p7#0



Estimating Hamiltonian

1.
He = 50(0)(N —1) + > (P +8(p))afay
p7#0
1 R agag £ Qg
+3 2 00) (T awa-y + ol )
p7#0
1 ) 0(0) 0(0)
N (o(p) + T)aLaPJ\P + W]\P
p#0
€ A ~
+N (v(p) + U(O))agapNo
p#0
1
1 H—u(0)LIN> (N~ -1
HOLF )50 LN (N~ 1)
H > H,., 0<e<l; 0.5
H < H, 0<e (0.6)



The exponential property of Fock spaces gives

H ~T(C) ® T <l2(2%Zd\{O})>. (0.7)

Embed the space of the zeroth mode I'y(C) = 1?({0,1,...}) in a larger space (*(Z). Thus

we obtain the extended space
ext 2 2 21 d
et = (Z)@Fs(l (T2 \{0})). (0.8)
The operator Ny extends to an operator N** and
H = Ranﬂ[o’oo[(NSXt).

For N € Z, we will write HS" for the subspace of H™' corresponding to N~ + N§* = N.



We have also a unitary operator
Ulng) @ U~ =1|ng— 1) @ U~
We define for p # 0 the following operator on H™:
by = a,U r

b, and bzfl satisfy the same CCR as a;, and ajl.



Extended estimating Hamiltonian.

1.
ext L . 2 T
HY! = S N =1+ (Ip]*+o(p))bid
p7#0
1 Next_l Next
+§ f&(p)<\/( 0 N )N; bpb_ +hc)
p7#0
1 X 0(0)y 4 > 0(0) o
N (v(p) 5 )bbN 2NN
p#0
€ ~ ~ ex
+5 (9(p) + 0(0)) bl b, NG
p#0

Hf\}(i acts on H. Tt preserves the physical N-particle space Hy and restricted to it

coincides with Hy .



The operator
. 1 .
> (IpP+0m) by + 5 > 0(p) (bpb_p + bgzﬁ_p).
p#0 p#£0

preserves HS. Its restriction to HS' will be denoted Hpog n-

We can write

1
Hﬁfi 5@(0)(]\7 — 1) + HBog,N + RN,e,
1 Next_l Next
Ry = 53000 (VDN ) )
’ 2 N
p#0
1 ) 0(0)y 41 A, 0(0) o
_NZ(U(p) + = Joibp N o N
p#0
€ ~ ~ ex
+5 (9(p) + 0(0)) bl b, NG
p7#0

+(1+ e_l)%v(O)LdN>(N> —1).

(0.9)

(0.10)



Hpog N are unitarily equivalent to one another for every N. They are equivalent to

Epog + Z epai,ap,
p#0
where
1 . -
Boos = =5 > (Ib+0() = VIl +26()[pP)
peFZ\{0}

ep = +/|p[*+20(p)[p|



Proof of lower bound
For brevity, set
1 := ljp(Hy — E).

R

For0 <e<1
1
1Y a1y > 1Y (513(0)(1\[ — 1) + Hpogv + RN,_€> 1Y

Hence

SB (1Y Hy 1Y) > S0(0)(N — 1) + 5B (Hpog) — [|1Y Ry 17|

N | —



Proof of upper bound
Suppose that G is a smooth nonnegative function on [0, oo such that
1, ifselo,i
G(s) = 0.3]
0, ifsell, o0l
For brevity, set
HEOg = ]I[O,H](HBog,N - EBog)-

We define
Z, = (IBBG (N> /N)212%) 2188 (N> /N).

(0.11)

Clearly, Z, is a partial isometry with initial space Ran(Ay15°%) and final space Ran(15°%).



spHy < ﬁ(Z;ZKHNZ;Zﬁ

Ranlg’og> '

R Z*) - $<Z'€I_INZ’JL

Moreover,
Z.HNZ! < Z.Hy Z!
1
= SUO)(N - 11298 4 Hp,, 17208
+ZK(HBog - EBog)Z/i - (HBog - EBog)]l]fjog
—l_ZHRN,EZ;i'
Hence,

1
BHy < 50(0)(N — 1) + 55 (12 Hnoy 1)
‘|“ Z/@(HBog - EBog)Z,i - (HBog - EBog)]llsog
‘f’HZ/fRN,eZ,];H




