Entropic Functionals and Liouvillians

Vojkan Jaksic and Claude-Alain Pillet
McGill University, Université de Toulon
In collaboration with
Y. Ogata, L. Rey-Bellet, A. Panati, Y. Pautrat.

July 15, 2013



These lectures concern set of ideas that can be traced back to
the Grenoble summer school "Open Quantum System”, June
16-July 4, 2008.
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CLASSICAL NEQSM

Phase space: (&, F), where £ is a complete separable metric
space and F is the Borel o-algebra in £.

Observable: A measurable function f : £ — R.

States: Probability measures on (&, F).
Notation: p(f) = J¢ fdp.



Terminology: p ~ v iff the measures are equivalent (have the
same sets of measure zero).

d
A, ==L

plv = du’ y — log Ap|u'

Pl

Relative entropy: (Kullback-Leibler divergence)
S(plv) = /5|og A,,dp.
It satisfies S(p|r) > 0 and S(p|v) = 0 iff p = v,

S(plv) = sup (p(f) —loguv(el)).
feCr(M)



The Rényi relative entropy of order o € R is defined by
Sa(p|lv) = IOg/ Ay|p
Sa(plv) = S1-a(v|p)

So(plv) = S1(plv) = 0.

Sa(pohlvoh) = Sa(plv)

for any homeomorphism h.

The map R 3 a — Sa(plv) €] — oo, 0] is convex. It is finite
and real-analytic on 0, 1.
d d

G Sa(p)| _o==5C), L Salpl)| _, = 5lp).
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Flows: 7—index set (time), Z = Z or R.

i E—SE  teT,

is a group of homeomorphisms of £ describing the dynamics. In
the continuous case, Z = R, we assume that the map (¢,¢) —
#t(¢) is continuous.

ft(Q) = f(#'(¢)) and pr(A) = p(¢~"(A))

are the induced flows on observables and states.

pt(f) = p(ft).

Time-reversal: A homeomorphism 6 : £ — £ such that
foh=id, OHod=0¢ tod.
A state pis TRl if po ¥ = p.



STARTING POINT: Classical dynamical system

(&, 8" wo)

where ¢! is the given flow and wg (suppwg = &) is the given
reference state.

Assumption: wy ~ wq for all ¢.

Cocycle relation: For all s,t € Z, one has

Awt+5|wo (€) = Awt\wo (C)Aws\wo (qb_t(g))

for wg-almost all ¢ € £.
Proof: Chain rule for the Radon-Nikodym derivative.



Consequence: /¢ = log A

wt|wo wt|wo*

_ i
gwt-l—s|"‘)0 — Ethwo + Kwslwo °p .

For discrete time dynamical systems we set

o(¢) = £,,1,(©)
and call o the entropy production observable of (£, ¢t, wg).

t—1
Ewt|wo - Z O-—S'

s=0

Regularity assumption (for simplicity): o is continuous.



In the continuous case (Z = R) we assume that the function

L= Liylwg (6)
is differentiable for all ¢ and that

d

&EWHWO(C) ‘tzO

o(¢) =

IS continuous. Then

Ewt|wo(C) — /Ot o_s(¢)ds.

The entropy production observable = the phase space contrac-
tion rate.



The definition of relative entropy gives the entropy balance equa-
tion:

S(wilwo) = wi(ly,jwe) = /Ot wo(os)ds.

The mean entropy production rate over the interval [0, t] is

S(wilwo) _ 1

t
= ds > 0.
¢ t/owO(JS) =

This is finite time second law of thermodynamics.

Rényi’s relative entropy allows for the refinement of the second
law.



The function

t Lt
T = [ os(O)ds
t JO
is interpreted as the mean entropy production rate observable

for the time interval [0, ¢].

We denote by p! the probability distribution of ¢ w.r.t. wg. p' is
the Borel probability measure on R and for any bounded Borel
function f on R,

L FO)ap' ) = [ F(=()dwo(Q).
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Back to Rényi’s entropy.

t
—_— - —Sd
/ AL, dwp = / AZS, dwp = /5 e Joo-sdsq,,

t
:/ge—oztz dwo

So(wilw) = log /5 e~ ='d,4 = log /R e~ gpt( ).

Physical meaning of Rényi’s relative entropy: The cumulant gen-
erating function of ¢ w.r.t. wp.

General property:

Sa(wt|lwg) = Sa(wolw—t) = S1—a(w—t|w).
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TRI implies

S1—alw—tlw) = S1_q(w—t0blwg o) = Sa(wt|w).
Hence

Sa(wtlw) = S1_q(wi|w).

This is Evans-Searles Fluctuation Relation in (essentially) full
generality!

The ES-FR is equivalent to

—(1—a)tA 4, t — —at 4t
/Re dpt(\) /Re dpt(N),
or,

/Re—oztAeAtdpt(_A) :/Re_at)\dpt(A)'
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Hence, ES-FR is equivalent to

dpt(=2) = e Mdpt(N).

This relation implies the second law

wo (X = /Rxdptm = AZO A1 — e ™ydpt(A) > 0,

and is saying much more:

The negative values of the mean entropy production rate
are exponentially suppressed in a universal manner.
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Evans-Cohen-Morris: Probability of second law violations in shear-
ing steady states, PRL (1993).

Evans, Cohen, Morriss, PRL 71 (1993)
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FIG. 1. The probability distribution of segment averages, A - .

(Pxy,is, of the xy element of the pressure tens%)r for 56 WgCA FIG. 2. The quarlthmlc probability ratio I(Py.) and

disks at Ho/N=1.56032, n=0.8, a shear rate y=0.5, and a {(@:p,,, as a function of the segment averaged shear stress

segment time 7 =0.1. For those states where (Py ;); =Py, is Paye =(Pryid: for. r =0_‘16 and y=0_.l. As can be seen the two

positive the entropy production is negative for a period of time curves are essentially linear [11], with very nearly equal slopes.

7, counter to the second law of thermodynamics. The agreement between the two slopes becomes progressively
better as 7 increases. The straight line shows the results of a
weighted linear least-squares fit to the logarithmic probability
ratio data.

Evans-Searles: Equilibrium microstates which generate second
law violating steady states, Physical Review E (1994).

14



The basic object is

et(a) = Sa(wt|wo).

Ultimately we wish to study

1
et (a) = tll)rgo ;et(a).

The Liouvillians shed a light on the mathematical structure of
e+(a) and can help us in the study of this limit.

Liouvillians < transfer operators, with long tradition in statistical
mechanics (Ruelle).

We assume for simplicity that o is bounded.
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Let p € [1, ]. For f : £ — R bounded and continuous we set

Up(t) f = f—te_% Jo 75ds

(1) Up(0) = I, Up(t1 + t2) = Up(t1)Up(t2).
2)lfp~1 4+ ¢1 =1 then
wo ([Up(2) f1[Uq(t)g]) = wo(fg)-

(3) wo(JUp(t) fIP) = wo(|f|P) and Up(t) extends to a group of
isometries of LP(&, dwg).

(4)
et(@) =109 | U, /o (D12,
where 1(¢) = 1.
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Consider the groups Up(t) on the (complex) Hilbert space L2 (€, dwg).
|Up(0)| < e,
where

mp = sup |o(¢)|[2 — pl/|p|.
ce&

LP-Liouvillean: L,, the generator of Up(t), Up(t) = etlr,

Ly = —Lg,spLp C {2z : |Rez| < mp}, Dom(Lp) = Dom(Loo),

o
Lp:Loo‘I‘_
p
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If o = 1/p,
t
er(a) = log wp(e™"Jo7s0%)
= log(1, etlr1) = Iog/getLPldwo.

This identity yields to a spectral resonance characterization of
et ().
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Characterization 1.

Suppose that for some v > 0 and ¢ € R,

er(a) = tey(a) +c+ O(e™h),
as t — oo. Then the function
z— (1,(z — Lp) " 11)

has a meromorphic continuation from the half-plane Re z > m,,
to the the half-plane Re z > ey (o) — v and its only singularity
there is a simple pole at = = e (o) with residue e“. Moreover,
forany e > O and 5 € {0, 1},

sup [ (1, (e iy = LY 2Dy < oo
r>eq (o) —y+e y|>e

19



Characterization 2.

Suppose that the function
z— (1,(z — Lp)~11)

has a meromorphic continuation from the half-plane Re z > my,
to the half-plane Re z > e () — «y for some v > 0 and that its
only singularity there is a simple pole at z = ey (a). Suppose
also that for some ¢ > O and any 5 € {0, 1},

sup [ (1, (e +iy — LpY 2Dy < oo
r>ey (a)—v |y >e

Then
er(a) = tey(a) +c+0(e™),

ast — oo.
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EXAMPLE: CLASSICAL OPEN SYSTEMS

é N

R

\
J

)

System S, described by the phase space
¢ = R™ @ R"™S
and the Hamiltonian Hq(pg, qg), coupled to M heat reservoirs
Rj.
21



The phase space and the Hamiltonian of the j-th reservoir are
Fj = R"™ @ R"™ and Hj(pj7 qj)

The phase space and the Hamiltonian of the composite system
are

I'=I¢gDI1D--- DIy

Ho(p,q) = Hs(ps,qas) + Hi(p1,q1) + -+ Hy(Pars anr)-
dpdq the Lebesgue measure on I".

The coupling between the system S and the j-th reservoir is
described by the Hamiltonian V;(pg, p;, a5, q;)-

The full Hamiltonian is

M

H(p,q) = Ho(p,q)+V (p,q) = Ho(p,q)+ > _ Vi(ps,pj,as,4;)-
j=1
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Dynamics ¢!: the induced global Hamiltonian flow on I".

For any C1 observable F, F; = F o ¢t, and

dF}
Y, — HaF )
5 = UL}

where { -, - } denotes the Poisson bracket,
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Initial state:

M
%e_ﬁHS_ijl Bt dpdg.
Introducing the control parameters X; = 3 — 3;, we can rewrite

it as

1 _ M T
de — ¢ BHO—I_Zj:l X]depdq

A more convenient choice is

1 _ _NM 3.
de — e ﬁ(HS‘I‘V) ijl BJH]dpdq

M
— %e_ﬁH_i_Zj:l Xjdepdq.
If the reservoirs have a large spatial extension and the cou-
pling Hamiltonians V; are well localized, the above two states

describe the same thermodynamics.
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Entropy production observable=phase space contraction rate.

= Y X;j(Hjo¢ ' — Hj),

d dwy o ¢t M
= —1lo = — X {H, H;}.
X dt J de ‘t:O j;l ‘7{ j}
This could be rewritten as
ox — Z X { R ]}
1=1

The equilibrium case corresponds to X = 0.
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Thermodynamical definition of the entropy production:

t )
[‘I‘7 —Hj — —/O ¢g])d8,

where the flux observable
o) = {H;,V;}

describes the flow of energy out of the j-th reservoir.

M .
ox =Y X;oU),
j=1

Time reversal: 0(p,q) = (—p,q), Ho ¥ = H.
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TRI implies

ext(a) = ex (1 — ).
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Evans-Searles with respect to the subsystem structure.

1
5t =—/ oxsds =Y T,

—ZajthX,
eXt(ala"' ,OéM) — log/Fe ’ Jdwx .

(X:(Oé]_,"-,OéM), 1—0&2(1—041,"-,1—04]\4).
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TRI implies

ext(a) =ex(1 — ).

ph probability distribution of (* o ,ZfXM) w.rt wy.

dpl (—\) = e~ 2 Mdph (V).
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Change of variable a; X; = Y7,

-t W)
Gt(X,Y)zlog/Fe_zJ'YJfocbs ds

Gi(X,Y) = Giy(X, X - Y).

dw

X -
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The symmetries leads to the finite time linear response theory:

Symmetry lemma:

Oy x, Gt (X, Y) | x=y=0 = —%31/ijGt(X, Y)lx=v=o
Proof:
Ox,Gt(X,Y)|x=0 = 0x,Gt(X, X — Y)|x=0
= (0x,G¢)(0,=Y) + (0y,G)(0, =Y).
which leads to
Oy, x,Gt(X,Y)|x=y=0 = — Oy, x, Gt (X, Y) | x=vy =0
— Oy,y, Ge(X,Y)|[x=y =0

31



Consider the time-averaged expectation values
1 st : .
= [ wx(@P)ds = (@D)

_ — k kf s S
tay}/Fe 0 dwx V=0

1
— _fanGt(X’ Y)‘Y:O
The finite time kinetic transport coefficients are defined by

o)

Lkt = 0x,,( >Xt‘X:O-
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Assuming TRI, one proves that

t

1t ‘ E
Lin = 5/_two(¢(’“)¢§”)) (1 — —> ds.

This is finite time Green-Kubo formula.

Since wq is ¢l-invariant,

Ljkt = Lyt
These are finite time Onsager reciprocity relations.
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Proof:

: 1

1
2t

Qt/ / CUO((D(k)CD(]))dS]_dSQ

_1 GISONEFERL
_2/_two(<l> & )(1 t)ds

vy, G (X, Y)‘X =Y =0
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Goal:

1
eq(a) = lim — lim er(a).
T t—oo 1 size of R;—o0

1
G+(X,Y) = lim — lim Gt(X,Y).
t—oo t gize of Rj—00

What do we learn (assuming enough regularity)?
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Symmetries persist:
er(a) =ep (1 —a)
Gi(X,Y)=GL(X,X -Y),

G4 (X,Y) =G4 (X,Y + 1),

et (oz + %) = ey (o).

v/ X = (v/X1, v/ Xpm), vy = (v, -5 ).
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Steady state heat fluxes:

(PY) 4 = Jm t Jo wx(®s7)ds = S %; th(X’ Y)‘YZO'

(@)} = —dy, G4 (X, V)|, _.
The symmetry

GL(X,Y +9) =GL(X,Y)
implies conservation of energy:

M .
S (@Wy, =o.

J=1
The strict convexity of a — ex 4 (o) (a1 = -+ = apyr = ),
M .
(ox) 4 = —ex1(0) = Y X;(eW); > 0.

J=1
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Linear response theory: Green-Kubo formulas and Onsager re-
lations.

Lipy = Ox, (D)4 | = 0x, (lim (@) x)|
T (7)
— tILrQo (8Xk<¢ >Xt‘X=O>
= M Lkt
11

= Iim ——0y.yv G (X,Y)|x=y=
Jim SOy Ge(X, Y ) [ x=y=0

Ljk+ = Lgj+ = Ov;y, G+ (X, Y)|x=y =0

t

o _m L OONEERL
ij_|_ t|l_>r202 _two(cb D )(1 t>d8

— %/OO wo(@® I yds.
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Central Limit Theorem for measures {P'};>q, where P! is the
probability distribution of vector-valued random variable

_ (1 [ oM ...lt(M))
ft_(t/OCDS dS, 7t/0cb8 ds | .

w.r.t. wy. P! is related to old p’ (linked to e;(«)) by scaling.
For any Borel set B ¢ RM,
. t _
Jim P! (Vi(B = (F)4.) = up(B),

where F = ((¢1)) ... (dMD) ) and pup is centered Gaus-
sian measure with variance

D(X) = [Djp(X)],  Djp(X) = 0yy,G+(X,Y)|y=o.
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Setting X = 0, one derives Einstein relations:

D;1,(0) = 2L 3.

This proves the Fluctuation-Dissipation Theorem!
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Large Deviation Principle for {Pt}tzo (Gartner-Ellis theorem).

P* — &,z . LDP quantifies the rate of convergence.

_|_
Pt(B) ~ e—t infeep I(g))
with the rate function

I(Q)=— inf (Y- ¢4+GL(X,Y)).
() =—_inf +(X,Y))
The symmetry G4 (X,Y) = G4 (X, X —Y) implies

I(—) =X -+ I(s).

Evans-Searles symmetry.
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Generalizations:

An abstract axiomatic dynamical system setting that leads to
symmetries

er(a) =ex (1 —a), G4 (X,)Y)=G4(X, X —-Y),

and all implications without any references to the internal struc-
ture of the system.

Open classical system and Anosov diffeomorphisms of compact
Riemann manifolds are treated in unified manner.

Important topics that were not discussed: Non-equilibrium steady
states, Gallavotti-Cohen fluctuation theorems, Principle of regu-
lar entropic fluctuations.
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Conclusion:

The fluctuation relations are structural model independent fea-
tures of classical non-equilibrium statistical mechanics. They
can be viewed as a refinement of the second law of thermody-
namics with important theoretical, numerical and experimental
implications. In the linear regime near equilibrium the fluctua-
tion relations reduce to familiar fluctuation-dissipation formulae
(Green-Kubo, Onsager).
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During the last decade (starting with works of Kurchan and Tasaki-
Matsui) the fluctuation relation have been extended to quantum
domain. The extension led to novel entropic functionals (most
notable of which is full counting statistics), a novel large devi-
ation theory, and a deep link with modular theory of operator
algebras and non-commutative LP-spaces.

The complete description of quantum theory is beyond the given
time limit, but its various aspects have been discussed in talks
of Claude-Alain, Ben, and will be discussed in forthcoming talk
by
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ANNALISA!!



