Quantum evolution in the conduction band for a
model of resonant heterostructure with artificial

interface conditions in 1D.
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Motivation

A modified 1D Laplacian (Faraj, Nier, M. 2011)

( e_gu(b+) = u(b™); e_%QU’(b+) =u'(b7)
D(4g) = {u € H*(R\{a,0}): | 3 }
e 2’U,(CL_) — u(a—l-); e 2 u’(a_) — u/(a+)

| Agu(z) = u”’(x) for x € R\ {a,b} .
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A modified 1D Laplacian (Faraj, Nier, M. 2011)

(

D(Ay) = {u e H?*(R\ {a,b}):

0

e_gu(b+) = u(b7); e_%jU’(b“L) = u/(b7) }
e 2u(a™) = u(a™); e_jeul(a_) = u'(a™)

| Agu(z) = uw’(x) for x € R\ {a,b} .

Exterior complex dilation:  —ilAy — e %Y 1R\(a’b)(x)A29

Lemma Let 0 = ir, T > 0. Then: —ie 2 1R\(aab)(x)A29 is maximal accretive.
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A modified 1D Laplacian (Faraj, Nier, M. 2011)

(

e_éu(b+) = u(b™); e_%3eu’(b+) = u/(b7)
e 2u(a™) = u(a™); e_ﬁeu’(a_) = u/(a™)

D(Ay) = {u e H?*(R\ {a,b}):

| Agu(z) = uw’(x) for x € R\ {a,b} .

Exterior complex dilation:  —ilAy — e %Y 1R\(a’b)(x)A29

Lemma Let 0 = ir, T > 0. Then: —ie 2 1R\(aab)(x)A29 is maximal accretive.

—201 enerates a dynamical
Ho(V,0) = —c R\(a’b)(x)Aze +V, suppV = (a,b) fystem of con)t/“ractions

U
Adiabatic theory of resonaces for Hg (V) = —Qy 4+ V

|
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A modified 1D Laplacian (Faraj, Nier, M. 2011)

(

e_gu ) — —.e—%eu/ +Y — o/ (b~
D(Ag) = {u6H2(R\{a,b}); >u(bT) = u(b™): (bT) =u/(b7) }

e 2u(a™) = u(a™); e_%eu’(a_) = u/(a™)

| Agu(z) = u”’(x) for x € R\ {a,b} .

e Question: Are the quantum systems arising from Ay ‘close’ to the corresponding
physical models ?
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A modified 1D Laplacian (Faraj, Nier, M. 2011)

(

D(Ag) = {u e HA(R\ {a,b}): { ;

e_gu(b+) = u(b7); e_%jU’(b“L) = u/(b7) }
e 2u(a™) = u(a™); e—zéu/(a—) = u'(a™)

| Agu(z) = uw’(x) for x € R\ {a,b} .

e Question: Are the quantum systems arising from Ay ‘close’ to the corresponding
physical models ?

Theorem (M. 2012) Let || < &, with 6 small, V € L?(R,R): supp V = [a,b] and
(u, Vu) > 0Vu € L?((a,b)), [|u|l, = 1. For Hy (V) = =Dy + V,

iHy (V) generates a strongly continuous group of bounded operators on L2 (R), e~ #Ho(V),
which is holomorphic w.r.t. 8 and allows the expansion

e~ WHo(V) — ¢~ Ho(V) L R (¢,6) , sup||R(t,0)] = O ().
telR
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Motivation

A modified 1D Laplacian (Faraj, Nier, M. 2011)

(

e_gu ) — 4 —.e—%eu/ +Y — o/ (b~
D(Ag) = {u6H2(R\{a,b}); >u(bT) = u(b™): (bT) =u/(b7) }

e 2u(a™) = u(a™); e_%eu’(a_) = u/(a™)

| Agu(z) = u”’(x) for x € R\ {a,b} .

e Question: Are the quantum systems arising from Ay ‘close’ to the corresponding
physical models ?

e Question: Does there exist a scattering theory for the couple {Hy (V) ,Ho (V)} 7

e Strategy: we look for a small-60 expansion of the waves operators

Wy=1+0(0)
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Non-mixed interface conditions

e_%u(b+) = u(b7), e_%u’(b+) =u/(b7),
D (Qgy,6,(V)) = H? (R\ {a, b}) + ;

61 6,
e 2ula”)=u(a™), e 2u/(a”)=u(am),

\

(Q91792(V) u) () = —u"(z) + V(z) u(x), r € R\ {a,b} .
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Non-mixed interface conditions

e_%u(b+) = u(b7), e_%u’(b+) =u/(b7),
D (Qgy,6,(V)) = H? (R\ {a, b}) + ;

01 0
e 2ula”)=u(a™), e 2u/(a”)=u(am),

\

(Q91792(V) u) () = —u"(z) + V(z) u(x), r € R\ {a,b} .

- The set {le,gz(V), (01, 05) € C2} is closed w.r.t. the adjoint operation

(Qo1.0,)) " = Q_ps _p: (V)

- The subset of selfadjoint operators is defined by:

0 = p;ei¥i, 9012902:7T+27T7€, ke
P1 — P2

- Ho (V) = Qo 30(V)
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Quantum wells in a semiclassical island

We consider V" =V + W, h € (0, hg] s.t.:

supp V = [a,b] , supp W' ={z € (a,b) , d(z,U) < h} C (a,b),

1
.

LV > ¢, SUP{”VHLOO(]R)7 WhHLOO(R)} <
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We consider V" =V + W, h € (0, hg] s.t.:

supp V = [a,b] , supp W' ={z € (a,b) , d(z,U) < h} C (a,b),

1
W iy} < o

ligpV >c, sup {”VHLOO(]R)a

Let: Qp(V") = —h2Ap 1+ V"

14
Assumptionl: There exists a real A9 and a cluster {)\?} _,Co (Q%(Vh» s.t.

j
i) ¢ < A0 <infl, )V —e < |Vl poo(r) < £

i) d (/\0, o (QE(VM)\ {/\?}jﬂ) > ¢, i) max AN < g
_ nax
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We consider V" =V + W, h € (0, hg] s.t.:

supp V = [a,b] , supp W' ={z € (a,b) , d(z,U) < h} C (a,b),

1
W iy} < o

ligpV >c, sup {”VHLOO(]R)a

Let: Qp(V") = —h2Ap 1+ V"

14
Assumptionl: There exists a real A9 and a cluster {A?} _,Co (Q%(Vh» s.t.

j
i) ¢ < A0 <infl, )V —e < |Vl poo(r) < £

i) d (/\0, o (QE(VM)\ {/\?}jﬂ) > ¢, i) max AN < g
_ nax

250

Assumption 2: Let z? denote the resonance associated to A?. Then: ‘Im zﬂ Z>e ho,

where Sp = d 4, ({a, b}, U,V, /\0)
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Quantum wells in a semiclassical island

We consider V" =V + W, h € (0, hg] s.t.:

supp V = [a,b] , supp W' ={z € (a,b) , d(z,U) < h} C (a,b),

1
W ey < o

ligpV >c, sup {”VHLOO(]R)a

Define:

r 01 %2
e 2u(bT) =u(b7), e 2u(bh)=u/(b7),

D (Qf,0,0VM) = H2®\{a.b}) +{ 9
e Fu(@) =u(at), e Fu/(a”) = u(a®),

\

(@4 5, (VM u) (2) = —=h%u"(z) + V(z)u(z), =€ R\{a,b} .
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Quantum wells in a semiclassical island

We consider V" =V + W, h € (0, hg] s.t.:

supp V = [a,b] , supp W' ={z € (a,b) , d(z,U) < h} C (a,b),

1
W ey < o

ligpV >c, sup {”VHLOO(]R)a

Define:

r 01 %2
e 2u(bT) =u(b7), e 2u(bh)=u/(b7),

D (Qf,0,0VM) = H2®\{a.b}) +{ 9
e Fu(@) =u(at), e Fu/(a”) = u(a®),

(@4 5, (VM u) (2) = —=h%u"(z) + V(z)u(z), =€ R\{a,b} .

1 Nh h :
—th91’92(V ) and e—thg,o(Vh)

Question: Are e close uniformly in time for h € (0, hg] 7
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Quantum wells in a semiclassical island

We consider V" =V + W, h € (0, hg] s.t.:

supp V = [a,b] , supp W' ={z € (a,b) , d(z,U) < h} C (a,b),

1
-

LV > ¢, SUP{”VHLOO(]R)7 WhHLOO(R)} <

Let [A1, As] fulfill (uniformly w.r.t. h € (0, hg])

14

O< A <A< infV—-¢c, o (Q%(Vh» N[AL A2 = {A?}jzl ’

[a,0]

1 ([A1, A2]) = spectral projector over [A1, Ao] associated with ng(vh).



Andrea Mantile Quantum wells in a semiclassical island

URCA

We consider V" =V + W, h € (0, hg] s.t.:

supp V = [a,b] , supp W' ={z € (a,b) , d(z,U) < h} C (a,b),

1
<2
C

L)V >c¢, sup {|

Let [A1, As] fulfill (uniformly w.r.t. h € (0, hg])

0 M <l < nfV —e, o (QBOM) il = (T,

1 ([A1, A2]) = spectral projector over [A1, Ao] associated with ng(vh).

Work in progress. In the Assumptions 1 and 2, —'LQH 05 (Vh) generates a strongly
continuous group: T1([A1,A2]) L? (R) — L? (R), ana/yt:c w.r.t. 0; and s.t.

. h
Sup; i ( 1Q0,0,(") _ ~tQB o ’) M (A1, A2l) = 32120 (6;h70) .

L(L*(R))




Andrea Mantile
URCA

Resolvent analysis

Krein's like formulas (boundary value triples technique):

Let: D(Q"(V)) = H?(R\ {a,b}), Q"(V)u = —h2u"(z) + Vu for = # a, b.
(W/(b™) — /(b)) [(u(bt) +u(d7) )

u(dh) —u(d) u'(6F) + /' (67)
r:D(QMV)) — C* Thu=h?  TMu=41
(@) 0 uw'(a”) —u/(a™) ! 2 u(a®) + u(a™)
\ u(a™) —u(a™) ) \v(a™) +u'(a”))

le,ez(v) - Qh(v) ru €D (Q31’92(V)> — Ag1,92r8“ = Bgl,g2|_1u

o1 (a(01,602) _ (0(61,62)
A91,92 k2 ( a(—01, —(92)) - Bore, = ( b(—01,—02)) "’

92 92
1+e2 0 0 1—e2
a(01,02) = o, | » b(601,602) =2 o, :
0 14+e2 e2 —1 0

In particular QQO(V) is the 'reference’ restriction: uw € D (Qg O(V)) = Fgu =0.
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Resolvent analysis

Krein's like formulas (boundary value triples technique):

—1
Setting: Nz,h — Ker(Qh(V) — 2); W/z,h(V) = (Fg N h)  q(2,V,h) =T2o0 ’Yz,h(v)

1

(@h 0,V = =) = (Qh(V) —2) " =

—1
- Zij:l [(B91792 Q(Z, V’ h) o A31,92) B61792] i <’Yz,h(€jv V)’ '>L2(R) 7Z,h(€i7 V) )
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Resolvent analysis

Krein's like formulas (boundary value triples technique):

~1
N ) . q(2,V,h) =T20v, (V)
z,h

Setting: N, j, = Ker(Q"(V) — 2); v, n(V) = (rg

(60,07 - Z>_1 — (@800 - Z)_l =

1
- Y11 [(391,92 q(z,V, h) — Agl,ez) 391,02] y <'72,h(€j7 V), '>L2(R) Vz.n(€i5 V),

A corresponding formula for eigenfunctions

¢gl,92($a ka V) T w(f)b7()(x7 ka V) —

—1
—ti [(Mh(|k| 01,02, V)) 391,92] 140k V)] ajpg e V).

ij
h . h
M (k, 01,02, V) = lim, 210 B, 6, q(z,V, h) — A91>92 ’

gk,h(eja V) — Iimz_>k2:|:7j0 Wz,h(eja V) .
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Resolvent analysis

Krein's like formulas (boundary value triples technique):

—1
Setting: Nz,h — Ker(Qh(V) — 2); W/z,h(V) = (Fg N h)  q(2,V,h) =T2o0 ’Yz,h(v)

(60,07 - Z>_1 — (@800 - Z)_l =

1
- Y11 [(391,92 q(z,V, h) — Agl,ez) 391,02] y <'72,h(€j7 V), '>L2(R) Vz.n(€i5 V),

A corresponding formula for eigenfunctions

¢gl,92($a ka V) T w(f)b7()(x7 ka V) —

—1
—ti [(Mh(|k| 01,02, V)) 391,92] 140k V)] ajpg e V).

ij

The explicit form of the coefficients depends on the choice of the basis in N , .
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Resolvent analysis

Krein's like formulas (boundary value triples technique):

~1
N ) . q(2,V,h) =T20v, (V)
z,h

Setting: N, j, = Ker(Q"(V) — 2); v, n(V) = (rg

1

(@h 0,V = =) = (Qh(V) —2) " =

1
- Y11 [(391,92 q(z,V, h) — Agl,ez) 391,02] y <'72,h(€j7 V), '>L2(R) Vz.n(€i5 V),

A corresponding formula for eigenfunctions

¢gl,92($a ka V) T w(f)b7()(x7 ka V) —

1
— X1 [(Mh(|k| ,01,65,V)) 301,92] y 198 (- k,V)L. 9ik|,n(€i, V),

A possible choice: N, ; = l.c. {Qz’h(:c,b), H*M(z,b), G#M(x,a), Hz’h(:c,a)}

Definition: (QS,O(V) - Z) G*(hy)=06(—y),  H(,y)=00%(x,y).
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Krein's like formulas (boundary value triples technique):

M (k, 01,02, V") = By, 6, a(k, h) = Af o,

Ab o =diag (% +0(01)+O(02)),  Bpg,=0(01)+ O (62)
([ GEl(bb)  — (HEM(67,b)) G (b,a) —H* (ba) )
(5. 1) HER (b=,b)  —o HEM (b,b)  HEM(a,b)  —0HPM (b, a)
a Gk:h (a, b) —Hk (a,b) Gkh(a,a) — (Hk’h (a,+, a))

\ HEM (b o)  —01HFM (a,b) HFP (a+, a) —01HF" (a, ) )
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Krein's like formulas (boundary value triples technique):

M (k, 01,02, V") = By, 6, a(k, h) = Af o,

Al g, = diag (5 +O(01) + O (62)) . By, = O (01) + O (02)
([ GEl(bb)  — (HEM(67,b)) G (b,a) —HFR (ba)
(5. h) HER (b=,b)  —o HEM (b,b)  HEM(a,b)  —0HPM (b, a)
a Gk:h (a, b) —Hk (a,b) Gkh(a,a) — (Hk’h (a,+, a))
\ HEM (b o)  —01HFM (a,b) HFP (a+, a) —01HF" (a, ) )

Proposition Let u ('7 y/) — {Gk,h ('7 y/) 781]Hk7h ('7 y/) 7¢(})LO ()}'
with k% € [A1,Ag]. In the Assumption 1, we have

25, 4
sup b‘l[a,b]u (y,y’)( < Cyupe (h—N 4 = (N41) =50 (Supjg (Imzﬂ )) |
y7y :a’7
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Krein's like formulas (boundary value triples technique):

M (k, 01,02, V") = By, 6, a(k, h) = Af o,

Ab o =diag (% +0(01)+O(02)),  Bpg,=0(01)+ O (62)
([ GEl(bb)  — (HEM(67,b)) G (b,a) —HFR (ba)
(5. h) HER (b=,b)  —o HEM (b,b)  HEM(a,b)  —0HPM (b, a)
a Gk:h (a, b) —Hk (a,b) Gkh(a,a) — (Hk’h (a,+, a))

\ HEM (b o)  —01HFM (a,b) HFP (a+, a) —01HF" (a, ) )

Proposition Let k2 € [A1, Ap] and ’%:1,2‘ < hNo, with Ny large.
In the Assumptions 1 and 2, we have

Vg 0, (o B V) =g o( ke, V) =
O (02) G (-, b) + O (01) HIFW (- b) + O (62) GIFIA(-, a) + O (1) HIFII (-, a)
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Wave operators

A stationary definition:

*

dk h
W31,92(w7 y) — fR 27h 1[/\1,/\2] (kz) 1531792(377 ka Vh) (¢8,0(y7 k7 1% ))
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Wave operators

A stationary definition:

*

h _ dk 2 h h h h
W o (2,9) = fr 25 1a, Ay (K2) 05, o (2,5, V) (9 o(y, B, VM)

h h h —_— Nh h h
Q01702(V )WGLQZ o QO7O(V )WHLHQ
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A stationary definition:

h _ dk 2 *
W01,02(£U, y) — fR 27h 1[/\1,/\2] (k ) 1531,.92(907 ka Vh) (¢(})L,O(y7 ka Vh))
h h h —_ Nh h h
Q01702(V )WQLQZ R QO7O(V )W81762

Generalized Fourier transform associated to ng(vh)

(Fne) () = e 55507 (460 (2.8 V")) (@), € I2(R).
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A stationary definition:

h _ dk 2\ ...k h h hy)*
Wh 0, (#:9) = i 5z g ng) (F2) 9, (2 s V1) (86000, B VM)

h h h —_— Nh h h
Q01702(V )WQLQZ o QO7O(V )W81762

Generalized Fourier transform associated to Q& (V")
h h) )™ 2
(Fpne) ) = I 55 (W0 (20, V7)) (@), ¢ € LA(R).

(Wh o, = TT([ALA2D) 0 = Saap |88 + vh]

?boz( )_fR

(2 h)1/2

b(z) = Jr (2n h)1/2

O (62) 1g,(v) (k?) GIFII (, a, VH) (fﬁhw) (),

O (01) 1q.(v) (K*) HIF (2, 0, V) (Fh0) ()

a € {a,b} ,

a € {a,b} .
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A stationary definition:

h _ dk 2 *
W01,02(£U, y) — fR 27h 1[/\1,/\2] (k ) 1531,.92(907 ka Vh) (¢(})L,O(y7 ka Vh))
h h h —_ Nh h h
Q01702(V )WQLQZ R QO7O(V )W81762

Generalized Fourier transform associated to ng(vh)

(Fne) () = e 55507 (460 (2.8 V")) (@), € I2(R).

WH 0 _n([A17A2]) @ZZa:a,b b + Yo
( h1, 2 ) [ A h]

[Saas [¢5) + 0h@)] | 2 S (18 + 53) el oy
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Wave operators

A stationary definition:

h _ dk 2\ ...k h h hy)*
Wh 0, (#:9) = i 5z g ng) (F2) 9, (2 s V1) (86000, B VM)

h h h —_— Nh h h
Q01702(V )WQLQZ o QO7O(V )W81762

Generalized Fourier transform associated to Qg}o(vh)
h h) )™ 2
(Fpne) ) = I 55 (W0 (20, V7)) (@), ¢ € LA(R).
(Wh o, = TT([ALA2D) 0 = Saap |88 + vh]

[Sazap [¢h(2) +¥5@)]] o < (',ia' + '92') lell o) -

= | Wi, o, — N (1AL, A2:)HL‘,(L2(IR{),L2(R)) =0(;3)+0(33) -



