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Motivation

A modi�ed 1D Laplacian (Faraj, Nier, M. 2011)8>>>>>><>>>>>>:
D(��) =

8<:u 2 H2(Rn fa; bg) :
24 e��2u(b+) = u(b�); e�

3
2�u0(b+) = u0(b�)

e�
�
2u(a�) = u(a+); e�

3
2�u0(a�) = u0(a+)

9=;
��u(x) = u00(x) for x 2 Rn fa; bg :
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9=;
��u(x) = u00(x) for x 2 Rn fa; bg :

Exterior complex dilation: �i�� �! �ie�2� 1Rn(a;b)(x)�2�

Lemma Let � = i� , � > 0. Then: �ie�2� 1Rn(a;b)(x)�2� is maximal accretive.

H� (V; �) = �e
�2� 1Rn(a;b)(x)�2� + V ; suppV = (a; b) generates a dynamical

system of contractions

+
Adiabatic theory of resonaces for H� (V) = ��� + V
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Motivation

A modi�ed 1D Laplacian (Faraj, Nier, M. 2011)8>>>>>><>>>>>>:
D(��) =

8<:u 2 H2(Rn fa; bg) :
24 e��2u(b+) = u(b�); e�

3
2�u0(b+) = u0(b�)

e�
�
2u(a�) = u(a+); e�

3
2�u0(a�) = u0(a+)

9=;
��u(x) = u00(x) for x 2 Rn fa; bg :

� Question: Are the quantum systems arising from �� �close� to the corresponding
physical models ?

Theorem (M. 2012) Let j�j < �, with � small, V 2 L2 (R;R): supp V = [a; b] and
hu;Vui > 0 8u 2 L2 ((a; b)), kuk2 = 1. For H� (V) = ��� + V,
iH� (V) generates a strongly continuous group of bounded operators on L2 (R), e�itH�(V),
which is holomorphic w.r.t. � and allows the expansion

e�itH�(V) = e�itH0(V) +R (t; �) ; sup
t2R

kR (t; �)k = O (�) :
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Motivation

A modi�ed 1D Laplacian (Faraj, Nier, M. 2011)8>>>>>><>>>>>>:
D(��) =

8<:u 2 H2(Rn fa; bg) :
24 e��2u(b+) = u(b�); e�

3
2�u0(b+) = u0(b�)

e�
�
2u(a�) = u(a+); e�

3
2�u0(a�) = u0(a+)

9=;
��u(x) = u00(x) for x 2 Rn fa; bg :

� Question: Are the quantum systems arising from �� �close� to the corresponding
physical models ?

� Question: Does there exist a scattering theory for the couple fH� (V) ;H0 (V)g ?

� Strategy: we look for a small-� expansion of the waves operators

W� = 1 +O (�)



Andrea Mantile
URCA

Non-mixed interface conditions

Assume: f�1; �2g 2 C2, V 2 L2(R;R) with: supp V = [a; b]

D
�
Q�1;�2(V)

�
= H2 (Rn fa; bg) +

8>>><>>>:
e�

�1
2 u(b+) = u(b�) ; e�

�2
2 u0(b+) = u0(b�) ;

e�
�1
2 u(a�) = u(a+) ; e�

�2
2 u0(a�) = u(a+) ;�

Q�1;�2(V)u
�
(x) = �u00(x) + V(x)u(x) ; x 2 Rn fa; bg :
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Non-mixed interface conditions

Assume: f�1; �2g 2 C2, V 2 L2(R;R) with: supp V = [a; b]

D
�
Q�1;�2(V)

�
= H2 (Rn fa; bg) +

8>>><>>>:
e�

�1
2 u(b+) = u(b�) ; e�

�2
2 u0(b+) = u0(b�) ;

e�
�1
2 u(a�) = u(a+) ; e�

�2
2 u0(a�) = u(a+) ;�

Q�1;�2(V)u
�
(x) = �u00(x) + V(x)u(x) ; x 2 Rn fa; bg :

� The set
n
Q�1;�2(V) ; (�1; �2) 2 C

2
o
is closed w.r.t. the adjoint operation�

Q�1;�2(V)
��
= Q���2;��

�
1
(V)

� The subset of selfadjoint operators is de�ned by:

�j = �je
i'j ;

(
'1 + '2 = � + 2�k ; k 2 Z
�1 = �2

� H� (V) = Q�;3�(V)
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Quantum wells in a semiclassical island

We consider Vh = V +Wh; h 2 (0; h0] s.t.:

supp V = [a; b] ; supp Wh = fx 2 (a; b) ; d (x; U) � hg � (a; b) ;

1[a;b]V > c ; sup
�
kV kL1(R) ;




Wh




L1(R)

�
� 1

c
:
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supp V = [a; b] ; supp Wh = fx 2 (a; b) ; d (x; U) � hg � (a; b) ;

1[a;b]V > c ; sup
�
kV kL1(R) ;




Wh




L1(R)

�
� 1

c
:

Let: QhD(V
h) = �h2�D[a;b] + V

h

Assumption1: There exists a real �0 and a cluster
n
�hj

o`
j=1

� �
�
QhD(V

h)
�
s.t.

i) c � �0 � inf[a;b] V � c � kV kL1(R) �
1
c ;

ii) d
�
�0; �

�
QhD(V

h)
�
n
n
�hj

o`
j=1

�
� c ; iii) max

1�j�`

����hj � �0
��� � c

h :
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� 1

c
:

Let: QhD(V
h) = �h2�D[a;b] + V

h

Assumption1: There exists a real �0 and a cluster
n
�hj

o`
j=1

� �
�
QhD(V

h)
�
s.t.

i) c � �0 � inf[a;b] V � c � kV kL1(R) �
1
c ;

ii) d
�
�0; �

�
QhD(V

h)
�
n
n
�hj

o`
j=1

�
� c ; iii) max

1�j�`

����hj � �0
��� � c

h :

Assumption 2: Let zhj denote the resonance associated to �
h
j . Then:

���Im zhj ��� & e�
2S0
h ,

where S0 = dAg
�
fa; bg ; U; V; �0

�
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Quantum wells in a semiclassical island

We consider Vh = V +Wh; h 2 (0; h0] s.t.:

supp V = [a; b] ; supp Wh = fx 2 (a; b) ; d (x; U) � hg � (a; b) ;

1[a;b]V > c ; sup
�
kV kL1(R) ;




Wh




L1(R)

�
� 1

c
:

De�ne:

D
�
Qh�1;�2

(Vh)
�
= H2 (Rn fa; bg) +

8>>><>>>:
e�

�1
2 u(b+) = u(b�) ; e�

�2
2 u0(b+) = u0(b�) ;

e�
�1
2 u(a�) = u(a+) ; e�

�2
2 u0(a�) = u(a+) ;�

Qh�1;�2
(Vh)u

�
(x) = �h2u00(x) + Vh(x)u(x) ; x 2 Rn fa; bg :
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Quantum wells in a semiclassical island

We consider Vh = V +Wh; h 2 (0; h0] s.t.:

supp V = [a; b] ; supp Wh = fx 2 (a; b) ; d (x; U) � hg � (a; b) ;

1[a;b]V > c ; sup
�
kV kL1(R) ;




Wh




L1(R)

�
� 1

c
:

De�ne:

D
�
Qh�1;�2

(Vh)
�
= H2 (Rn fa; bg) +

8>>><>>>:
e�

�1
2 u(b+) = u(b�) ; e�

�2
2 u0(b+) = u0(b�) ;

e�
�1
2 u(a�) = u(a+) ; e�

�2
2 u0(a�) = u(a+) ;�

Qh�1;�2
(Vh)u

�
(x) = �h2u00(x) + Vh(x)u(x) ; x 2 Rn fa; bg :

Question: Are e
�itQh�1;�2(V

h)
and e�itQ

h
0;0(V

h) close uniformly in time for h 2 (0; h0] ?
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Quantum wells in a semiclassical island

We consider Vh = V +Wh; h 2 (0; h0] s.t.:

supp V = [a; b] ; supp Wh = fx 2 (a; b) ; d (x; U) � hg � (a; b) ;

1[a;b]V > c ; sup
�
kV kL1(R) ;




Wh




L1(R)

�
� 1

c
:

Let [�1;�2] ful�ll (uniformly w.r.t. h 2 (0; h0])

0 � �1 < �2 � inf
[a;b]

V � c ; �
�
QhD(V

h)
�
\ [�1;�2] =

n
�hj

o`
j=1

;

� ([�1;�2]) = spectral projector over [�1;�2] associated with Qh0;0(Vh).
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We consider Vh = V +Wh; h 2 (0; h0] s.t.:

supp V = [a; b] ; supp Wh = fx 2 (a; b) ; d (x; U) � hg � (a; b) ;

1[a;b]V > c ; sup
�
kV kL1(R) ;




Wh




L1(R)

�
� 1

c
:

Let [�1;�2] ful�ll (uniformly w.r.t. h 2 (0; h0])

0 � �1 < �2 � inf
[a;b]

V � c ; �
�
QhD(V

h)
�
\ [�1;�2] =

n
�hj

o`
j=1

;

� ([�1;�2]) = spectral projector over [�1;�2] associated with Qh0;0(Vh).

Work in progress. In the Assumptions 1 and 2, �iQh�1;�2(V
h) generates a strongly

continuous group: � ([�1;�2])L2 (R)! L2 (R), analytic w.r.t. �j and s.t.

supt2R







 
e
�itQh�1;�2(V

h) � e
�itQh0;0(V

h)
!
� ([�1;�2])






L(L2(R)) =
P
j=1;2O

�
�jh

�N0
�
:
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Resolvent analysis

Krein�s like formulas (boundary value triples technique):

Let: D(Qh(V)) = H2 (Rn fa; bg), Qh(V)u = �h2u00(x) + Vu for x 6= a; b.

� : D(Qh(V))! C4 �h0u = h2

0BBBBBB@
u0(b�)� u0(b+)

u(b+)� u(b�)

u0(a�)� u0(a+)

u(a+)� u(a�)

1CCCCCCA ; �1u =
1
2

0BBBBBB@
u(b+) + u(b�)

u0(b+) + u0(b�)

u(a+) + u(a�)

u0(a+) + u0(a�)

1CCCCCCA :

Qh�1;�2(V) � Qh(V) : u 2 D
�
Qh�1;�2(V)

�
) Ah�1;�2�

h
0u = B�1;�2�1u

Ah�1;�2
= 1

h2

 
a(�1; �2)

a(��1;��2)

!
; B�1;�2 =

 
b(�1; �2)

b(��1;��2)

!
;

a(�1; �2) =

0B@1 + e
�2
2 0

0 1 + e
�1
2

1CA ; b(�1; �2) = 2

0B@ 0 1� e
�2
2

e
�1
2 � 1 0

1CA :

In particular Qh0;0(V) is the �reference�restriction: u 2 D
�
Qh0;0(V)

�
) �h0u = 0 :
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Resolvent analysis

Krein�s like formulas (boundary value triples technique):

Setting: Nz;h = Ker(Qh(V)� z); 
z;h(V) =
 
�h0

���Nz;h
!�1

; q(z;V; h) = �2 � 
z;h(V)

�
Qh�1;�2

(V)� z
��1 � �

Qh0;0(V)� z
��1

=

�P4i;j=1 ��B�1;�2 q(z;V; h)�Ah�1;�2

��1
B�1;�2

�
ij

D

�z;h(ej;V); �

E
L2(R)


z;h(ei;V) ;
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Resolvent analysis

Krein�s like formulas (boundary value triples technique):

Setting: Nz;h = Ker(Qh(V)� z); 
z;h(V) =
 
�h0

���Nz;h
!�1

; q(z;V; h) = �2 � 
z;h(V)

�
Qh�1;�2

(V)� z
��1 � �

Qh0;0(V)� z
��1

=

�P4i;j=1 ��B�1;�2 q(z;V; h)�Ah�1;�2

��1
B�1;�2

�
ij

D

�z;h(ej;V); �

E
L2(R)


z;h(ei;V) ;

A corresponding formula for eigenfunctions

 h�1;�2
(x; k;V)�  h0;0(x; k;V) =

�P4i;j=1 ��Mh (jkj ; �1; �2;V)
��1

B�1;�2

�
ij

h
�1 

h
0;0(�; k;V)

i
j
gjkj;h(ei;V) ;

Mh (k; �1; �2;V) = limz!k2�i0B�1;�2 q(z;V; h)�Ah�1;�2
;

gk;h(ej;V) = limz!k2�i0 
z;h(ej;V) :



Andrea Mantile
URCA

Resolvent analysis

Krein�s like formulas (boundary value triples technique):

Setting: Nz;h = Ker(Qh(V)� z); 
z;h(V) =
 
�h0

���Nz;h
!�1

; q(z;V; h) = �2 � 
z;h(V)

�
Qh�1;�2

(V)� z
��1 � �

Qh0;0(V)� z
��1

=

�P4i;j=1 ��B�1;�2 q(z;V; h)�Ah�1;�2

��1
B�1;�2

�
ij

D

�z;h(ej;V); �

E
L2(R)


z;h(ei;V) ;

A corresponding formula for eigenfunctions

 h�1;�2
(x; k;V)�  h0;0(x; k;V) =

�P4i;j=1 ��Mh (jkj ; �1; �2;V)
��1

B�1;�2

�
ij

h
�1 

h
0;0(�; k;V)

i
j
gjkj;h(ei;V) ;

The explicit form of the coe¢ cients depends on the choice of the basis in Nz;h :
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Resolvent analysis

Krein�s like formulas (boundary value triples technique):

Setting: Nz;h = Ker(Qh(V)� z); 
z;h(V) =
 
�h0

���Nz;h
!�1

; q(z;V; h) = �2 � 
z;h(V)

�
Qh�1;�2

(V)� z
��1 � �

Qh0;0(V)� z
��1

=

�P4i;j=1 ��B�1;�2 q(z;V; h)�Ah�1;�2

��1
B�1;�2

�
ij

D

�z;h(ej;V); �

E
L2(R)


z;h(ei;V) ;

A corresponding formula for eigenfunctions

 h�1;�2
(x; k;V)�  h0;0(x; k;V) =

�P4i;j=1 ��Mh (jkj ; �1; �2;V)
��1

B�1;�2

�
ij

h
�1 

h
0;0(�; k;V)

i
j
gjkj;h(ei;V) ;

A possible choice: Nz;h = l:c:
n
Gz;h(x; b) ; Hz;h(x; b) ; Gz;h(x; a) ; Hz;h(x; a)

o
De�nition:

�
Qh0;0(V)� z

�
Gz(�; y) = � (� � y) ; Hz(�; y) = @2Gz(x; y) :
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Resolvent analysis

Krein�s like formulas (boundary value triples technique):

Mh
�
k; �1; �2;Vh

�
= B�1;�2 q(k; h)�Ah�1;�2

Ah�1;�2
= diag

�
2
h2
+O (�1) +O (�2)

�
; B�1;�2 = O (�1) +O (�2)

q(k; h) �

0BBBBBBB@

Gk;h (b; b) �
�
Hk;h

�
b�; b

��
Gk;h (b; a) �Hk;h (b; a)

Hk;h
�
b�; b

�
�@1Hk;h (b; b) Hk;h (a; b) �@1Hk;h (b; a)

Gk;h (a; b) �Hk;h (a; b) Gk;h (a; a) �
�
Hk;h

�
a+; a

��
Hk;h (b; a) �@1Hk;h (a; b) Hk;h

�
a+; a

�
�@1Hk;h (a; a)

1CCCCCCCA
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Resolvent analysis

Krein�s like formulas (boundary value triples technique):

Mh
�
k; �1; �2;Vh

�
= B�1;�2 q(k; h)�Ah�1;�2

Ah�1;�2
= diag

�
2
h2
+O (�1) +O (�2)

�
; B�1;�2 = O (�1) +O (�2)

q(k; h) �

0BBBBBBB@

Gk;h (b; b) �
�
Hk;h

�
b�; b

��
Gk;h (b; a) �Hk;h (b; a)

Hk;h
�
b�; b

�
�@1Hk;h (b; b) Hk;h (a; b) �@1Hk;h (b; a)

Gk;h (a; b) �Hk;h (a; b) Gk;h (a; a) �
�
Hk;h

�
a+; a

��
Hk;h (b; a) �@1Hk;h (a; b) Hk;h

�
a+; a

�
�@1Hk;h (a; a)

1CCCCCCCA
Proposition Let u

�
�; y0

�
=
n
Gk;h

�
�; y0

�
; @J1H

k;h ��; y0� ;  h0;0 (�)o,
with k2 2 [�1;�2]. In the Assumption 1, we have

sup
y;y0=a;b

���1[a;b]u �y; y0���� � Ca;b;c

�
h�N + h�(N+1)e�

2S0
h

�
supj�`

���Im zhj ����1�� :
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Resolvent analysis

Krein�s like formulas (boundary value triples technique):

Mh
�
k; �1; �2;Vh

�
= B�1;�2 q(k; h)�Ah�1;�2

Ah�1;�2
= diag

�
2
h2
+O (�1) +O (�2)

�
; B�1;�2 = O (�1) +O (�2)

q(k; h) �

0BBBBBBB@

Gk;h (b; b) �
�
Hk;h

�
b�; b

��
Gk;h (b; a) �Hk;h (b; a)

Hk;h
�
b�; b

�
�@1Hk;h (b; b) Hk;h (a; b) �@1Hk;h (b; a)

Gk;h (a; b) �Hk;h (a; b) Gk;h (a; a) �
�
Hk;h

�
a+; a

��
Hk;h (b; a) �@1Hk;h (a; b) Hk;h

�
a+; a

�
�@1Hk;h (a; a)

1CCCCCCCA
Proposition Let k2 2 [�1;�2] and

����j=1;2��� . hN0, with N0 large.
In the Assumptions 1 and 2, we have

 h�1;�2
(�; k;Vh)�  h0;0(�; k;Vh) =

O (�2)Gjkj;h (�; b) +O (�1)H jkj;h(�; b) +O (�2)Gjkj;h(�; a) +O (�1)H jkj;h(�; a)
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Wave operators

A stationary de�nition:

Wh
�1;�2

(x; y) =
R
R

dk
2�h 1[�1;�2]

�
k2
�
 h�1;�2

(x; k;Vh)
�
 h0;0(y; k;Vh)

��
:
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Wave operators

A stationary de�nition:

Wh
�1;�2

(x; y) =
R
R

dk
2�h 1[�1;�2]

�
k2
�
 h�1;�2

(x; k;Vh)
�
 h0;0(y; k;Vh)

��
:

Qh�1;�2
(Vh)Wh

�1;�2
= Qh0;0(Vh)Wh

�1;�2
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Wave operators

A stationary de�nition:

Wh
�1;�2

(x; y) =
R
R

dk
2�h 1[�1;�2]

�
k2
�
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