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1) Discrete Time model

"Previously on Quantum Repeated Measurement and on Quantum nondemolition
Measurement”
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interaction + measurement / interaction + measurement

S

&)

Measurement
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I1) Continuous Time Model




Stochastic Master Equations

@ The setup is a quantum system S wich is continuously monitored by a
measurement apparatus

@ In quantum Optics: Homodyne/Heterodyne detection, direct photodetection.
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Quantum Non Demolition

@ The quantities g, (t) = Tr(p(t—)|a){a|) satisfy

with  r(ila) = c(ila) + c(fla), 0(ila) = |c(ila)?
and  (ri(t)) = > qa(t)r(ila), (0i(t)) = qa(t)0(i|cr) (2)




Doleans equation

We choose a probablllty space (2, F, ¢, P) such that W;(t) and
— J5 vi(p(s))ds are (F;) martingales.

Theorem
(qa(t)) are martingales, i.e, E[qo(t)|Fs] = qua(s), Vs < t. They satisfy




qa(t) =

= ¢ (0) X exp [Z </Ot (r(ila) = (ri(s=)))dWi(s) — % /Ot (r(ile) — (r;(s—)>)2ds) }

i=0

x HH(1+< ’S|O‘)) )AN(t))xeXp[ /(9 ila) — (8;(s—)))) s]

i=p+1s<t (0:(
% (f
Lo

)
(r(ila ))dWi(s) — %/0 (r(iler) — (r;(s—)))st:

= ¢a(0) xexp

90((;S| )dN(s i 0( la) — (6;(s )))ds)} (4)

5 (f

i=p+1




Large time behavior

Assumption (ND): For any (a, 8) with « # 3 there exists i € {0,1,...,n} such
that

o either r(ila) # r(i|B), if i < p or O(i|a) # 6(i|B), if i > p.

Theorem

Under Assumption (ND), there exist random variables g, (o0), a € Hp which
takes values in {0,1} such that

lim go(t) = ga(o0), Vo € Hp,a.s (5)

t—o0
The random variables g, (o), € Hp, satisfy
Plga(o0) =1] = qo(a), Vo € Hp, (6)
ga(00)gp(c0) = 0, Ya # 5, as. (7)

As a consequence there exists a random variable T with values in Hp such that
P(T = &) = gn(0) and such that lim;_o p(t—) = |TY(T], a.s.
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Elements of proof

@ Since g4(t) is bounded and almost surely convergent we have that
E[qa(t)?] converges when t goes to infinity

@ This implies that
/OOO]E [qa(s)*(r(ila) — (ri(s)))?] ds < oo, i=0,...,p,

/OOOE lqa(s)2 ((99(,I(|j))> - 1) (9;(5)% ds < oo, i=p+1,...,n (8)

@ This implies that

Jim g (t)*(r(ila) = (ri(1)))* = 0, i=0....p (9)
tingoqa(t)2(9(i|a)—(9;(t)>)2 = 0,i=p+1,...,n (10)
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Elements of proof

@ This gives
9a(50)(r(il0) = (ri(<)))
Ga(00) (0(ilar) — (Bi(o0)))
@ This way, almost surely, for all o # 8
qa(00)(r(ila) = (ri(o0))) = qa(00)(r(ilB) — (ri(c0))) =0  (13)
Ga(00) (0(ile) = (0i(=2))) = qp(00)(8(i|B) — (Bi(=2))) = O.
It follows that, almost surely, for all o #

Ga(00)qs(00)(r(iler) — r(il3))
Go(00)qp(o0)(0(ila) — 6(i]))

0,i=0....p (15)
0, i=p+1,...,n (16)

@ Since it was assumed that for all & # f3 there exist i such that r(ila) # r(i|3)
or §(ilar) # 0(i|B) we get ga(00)qs(o0) =0




Elements of proof

9 Let w € Q. Only one g4 (00)(w) can be non zero and since ) ga(00) =1
we get go(00)(w) =1 and gg(w) = 0. We define then

T(w)=«a

@ We have P(T = a) = P(ga(o0) = 1) = E[ga(00)] = qo()
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Elements of proof

9 Let w € Q. Only one g4 (00)(w) can be non zero and since ) ga(00) =1
we get go(00)(w) =1 and gg(w) = 0. We define then

T(w)=«a

@ We have P(T = a) = P(ga(o0) = 1) = E[ga(00)] = qo()
@ Since gr(o0) =1 and since gr(t) = Tr(p(t=)|T)(T|) we have

t|_|>ngo Tr(p(t=)|T)(T]) =1, as.
and then we can deduce that

lim p(t—) = |T){T|, as.

t—o0
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Interpretation

@ At time 0 ¢o = > (o, ¢do)|v).

@ A direct Von Neumann measurement along the basis |a) say that ¢g is equal
|a) with probability go(«) which is equivalent to say that
po = | o) (0| = @) (a| with probability go(r) = Tr(po|a)(al).

@ The last theorem says that (p(t—)) behaves in large time as a random state
which obeys to the same rules of the state resulting of a direct measurement
at time 0.
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Rate of convergence

Theorem

Assume that 0(i|o) > 0, for all € Hp and for all i = p+1,...,n. Assume
Assumption (ND) is satisfied and assume that q,(0) # 0, for all o« € Hp. Let
v € Hp, we have

. (qa(tD _ _%Z(r(ﬂa) — r(i]T))*+

tmoo t -\ gr(t

for all € Hp, P almost surely.
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Elements of proof
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Elements of proof

This can be rewritten as

ﬂiﬂzq“mXew[§I<AYdmw—dm»wcc)

q~ ( t) q“r(o)
A |w—rw»¢>

=3 ([ (S gt - [ i) — i) - n (G )mwm@]

i=p+1
(20)

i

for all t > 0, where

X0 = wio)— [ [~ (als)]as. i =0.p




Elements of proof

@ Change of measure

d@;@gzzi%%%ﬂmww)t>o,

@ This family of probability measure is consistent. If s < t
Eqe [A]l = Eqs [A],VA € Fs.

@ Moreover, since E[gy(00)|F:] = g,(t), for all t > 0, any element of this
family can be extended to a unique probability measure Q, on Foo = F. In
particular, we have

0, () = L2 ap(e) (22)

and in terms of filtration we get the following Radon Nykodim formula

(851 -2 -2

t>0. (23)
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Elements of proof

qa(t)
qy(t)

) under Q,

o1
In the sequel we want to study I|p1 " In (

X0 = W0~ [ 1)~ tas)]os. 1=0....p

() = N,-(t)—/ote(ih)ds:N,-(t)—0(i|'y)t, i=p+1,....n (24)

Lemme

Let v € P such that q,(0) # 0. Under Q,, the processes (X/'(t)),j =0,...,p
and (I\h](t)),j =p+1,...,n are (F;) martingales.

More precisely (Xﬂ(t)),j =0,...,p are standard Q., Brownian motions and
(Nj(t)),j=p+1,...,n are usual Poisson processes with deterministic intensities
o(il)-
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Elements of proof

@ Taking the In and dividing by t we get

T (Z4) - 2 (20

+Z

,”(t)

(fl0) = (b)) == =3 (r(ile) r(,-w]

7 (2) ot oo (200D o
+>m(% m) +(00i) — i1a)) + 1n (oY) o)

i=p+1




Elements of proof

@ Taking the In and dividing by t we get
1 (2(0) 1 (90
tl (qw(t)) tl (qw(0)>
+Z
M7 ()
3 (7 m) :

i=p+1

50 _Lr(ia) - r(,-w]

i) — 6(ila)) + In <0("_|°‘)> 9(ily)

(ile) = r(il7))

@ This way, using law of large number for Brownian motion and Poisson processes, we
get Q- almost surely

1 ga(t)) 1 - . 4 \\2
im 3 (20 - ~3 i) = 1)

= S [ ee (5] e

i=p+1
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Elements of proof

dPw)= > q,(0)dP(w|T(w) =)
v s.t. g4(0)>0
which yields
dQ,(w) = dP(w|T(w) = 7).
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Elements of proof

dP(w)= > a,(0)dP(w|T(w)=")
v s.t. g4(0)>0
which yields

dQ,(w) = dP(w|T(w) = 7).

As a consequence

jim Lo (9ol li (ile) = r(iT))?
e300 qrt 2=0 ner=r

« 32 o - 65 e (5] e

P almost surely

au(t) = e—t[% S22 o (rlile)—r(iI TP =0, 0(1‘\*)[1—222’-\$§+'n(23\$§)]+°<1>] % (1+0(1))
(27)
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Can jumps beat the diffusion?

]

dp(t=) = L(p(t=))de+ (Cplt=)+p(t=)C" —TH{(C+C")plt=)o(t-) ) W
(28)

Cp(t—)C*

die-) = Lot e+ ( A

o p(t—)) [dRI(6)—Tx[C* Cp(t—)]d].
(29)




Can jumps beat the diffusion?

]

dp(t=) = L(p(t=))de+ (Cplt=)+p(t=)C" —TH{(C+C")plt=)o(t-) ) W
(28)

dp(t—) = L(p(t—))dt+( Cplt)C 0 p(t—)) [dRI(6)—Tx[C* Cp(t—)]d].

Tr[C*Cp(t—
(29)

@ A simple study shows that

(c(a) = (M) < —c(T)*[In(c(a)?/c(T)?) + 1 = c(a)?/c(T)?].




Can jumps beat the diffusion?

]

]

CJ

dp(t=) = L(p(t=))de+ (Cplt=)+p(t=)C" —TH{(C+C")plt=)o(t-) ) W

(28)
dp(t-) = L(p(t—))dt+(% - p(t—)) [dRI(6)—Tx[C* Cp(t—)]d].
(29)

A simple study shows that

(c(a) = (M) < —c(T)*[In(c(a)?/c(T)?) + 1 = c(a)?/c(T)?].

But it comes at a price. Suppose C has two different eigenvalues of equal
norm: c(a) # ¢(B), |c(a)] = |c(B)|. The non degeneracy assumption (ND)
is not fulfilled for the jump equation (29) whereas it is fulfilled for the
diffusive equation (28)
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Problem of Estimation




@ What happens if we do not know the initial state po(t). We cannot describe
the true trajectory (p(t—)) but we can describe an estimation (j(t—)).

dp(t—) = dt+ZH )(dyi(t) = Tr[(G + C)p(t—)]dt)

+ Z ( ,Z: ) p(t—)> (dNi() — vi(p(t—))dt).

i=p+1
p(0) = po

Clément Pellegrini ()



@ What happens if we do not know the initial state po(t). We cannot describe
the true trajectory (p(t—)) but we can describe an estimation (j(t—)).

dp(t—) = dt+ZH )(dyi(t) = Tr[(G + C)p(t—)]dt)
S (Jgggj; - p(t—)) (dN(6) — wip(t-)e).
p(0) = po
dp(t=) = dt+ZH ))(dyi(t) — Tr{(G; + G7)p(t—)]dt)

SN 16 NP U
" Z+ (vi(ﬁ(t—)) At )> (dNi(t) — vi(p(t—))dt).

i=p+1




@ Define §,(t) = Tr(p(t—)|a)al)




@ Define §,(t) = Tr(p(t—)|a)al)

’ ; <<Z,-(<ir|i))> SICICE <“7f(t‘)>d’-‘)] . (30)

@ They are no more martingales

P

Ga (£) = Go() xexp [Z ( / " (rCil0)= (=) (AWi(3) +((r(s—)— (Fi(s—))) ds

i=0




RIC
0 |
3 0) X ex [ p
o3
i=0 ‘/0 (r(
ila) —
r(i
7)) dX7 (s)
1 S - 1
5/ [
; r(i]
a) —
r(il7y)
)2ds>

. ) (/t (
0 In (0(i|a
9(/_7;) di
+ 7 (s) t
/o (0(ila) — 6(
ily))—=In '
) ! (‘;8_"75)0(& )
)ds)]

3




Proposition

Assume that (ila) > 0, for all « € Hp and for all i =p+1,...,n. Assume
Assumption (ND) is satisfied and assume that G,(0) # 0, for all o« € Hp. Let
(3o (t)) be the stochastic processes defined by (31). We have

lim gr(t) = 1, lim Ga(t)lrsa =0, (33)

t—o0

lim %'n (Za(t)> B _%Z(r(”a) - iy

i=0
o -4 ()] o

p+1

P almost surely.
Finally lim;_, . p(t) = |T)(T|,P almost surely.
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I1l) From discrete to continuous
model




Setup

@ Can we recover the continuous time model from the discrete one (yes we
already know it)

@ Under some renormalization, when 7 goes to zero the discrete time model
converges to the continuous time model
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@ Can we recover the continuous time model from the discrete one (yes we
already know it)

@ Under some renormalization, when 7 goes to zero the discrete time model
converges to the continuous time model
@ Remember that the interaction bas been described by

U= la)a] ® U,

@ Put 7 = h and consider an hamiltonian of the form

H = %ZM)(OA ® H,, and (35)
U = e (36)
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@ Recall that with probability m4(j) = 3= 4a(8)p(j|5)

(@)p(la)  gala)p(jla)

. Qn
nt1(a)()) = ™) X saa(B)rGlB)

with p(jle) = |, Uat))|?




@ Recall that with probability m4(j) = 3= 4a(8)p(j|5)

()plle) _  an(@)plila)
mW0) S an(A)elIB)’

dni1(a)() = L2

with p(jla) = |(j, Uat)|?
@ Developing p(j|e) in terms of h, we get

p(jle) = 1(i|Ualt)?
= |G|l = iVhH, — %h(Ha)zlwl2

(G2 + ivh (G1) GTHat) = GTo)(1Hav))

+h (=51 TTRED) - STRIGIHE) + 1GlHo0) )




o If () =0
p(ila) = hl{j|Hat)[* = hQ(j, @)

@ Otherwise

p(la) = |Gw)P [1 — VI (jle) + h[=A(jla) + (), a)]

with
Fj,a) = 2Im %’@?) (37)
o pe(UIHR0)
Al.e) = R ( ) ) (38)

oG = |




@ Consider the case i = 0,1 and h small

@ In the case 1) = |0) we will often observe |0) and sometimes |1) which is
typical to a jump evolution
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@ Consider the case i = 0,1 and h small

@ In the case 1) = |0) we will often observe |0) and sometimes |1) which is
typical to a jump evolution

o If (0,%) and (1,%) are non zero the probability of observing |0) or |1) are
comparable and the terms v/h is typical of a diffusive evolution.
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@ The sequence qp¢/4)(cr) converges when h goes to zero to
doult) = ault) [Z (% 1) (@) - (9(e-)et)

+Z rj,a t=)))dWe(j) |,

where (Q;(t)) =35 q:(8)Q0, B) and (I(t)) = >4 a:(B)T U, )

@ The convergence is in distribution for stochastic processes

@ To show this result we use the convergence of Markov generators

Clément Pellegrini () QND

33 /43



Stochastic Master equation

In terms of Stochastic master equations, we have
dp(t=) = L(p(t=))dt+ Y Hi(p(t=))dWi(t)
i=0
30 () - o)) (@m0 - ol

where the operator G; =iy (j, Hat))|) (]
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A non Markovian extension




A non Markovian extension

@ The following idea is just an exploration idea.

@ The idea is the following. Assume that at time n the state of the piece of the
chain H is 8 = |k)(k| for some k in the Ancilla basis.

@ The state p, of S interacts with H, 3: U(p, ® 3)U*

@ If we have observed the state j during the indirect measurement, the state of
S ® H becomes

Lo o
T o] © Y

@ We then assume that the state of the next Ancilla is |f)(j].

@ This introduces memory...
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1st interaction

S
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1st measurement

S
W

Measurement
result|j)
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2nd interaction
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2nd measurement

S
) @? ) (Mg ()

Measurement
result|m)

Clément Pellegrini () QND 40 / 43



A non Markovian extension

@ Assume that at time n the state of the piece of the chain H is § = |k) (k| for
some k in the Ancilla basis.

@ Here we introduce p(jlk,a) = |{j, U, k)|?

@ We have
p(lk,a) = hl(j|Hak)? = hQ(j, v, k) (40)
p(klk,a) = 1—h> Q(j,a,k) (41)
J#k

@ Then the probability of transition are given by

Tl k) = _th,, ), o, k) (42)
Ta(k, k) = l—hZan )QU, o, k) (43)
J#k

@ Often the next state of the Ancilla does not change and sometimes there is a
jump to another state
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A non Markovian extension

@ In order to describe the limit equation, we need also to describe the evolution
of the state of the Ancillas.
@ We get a couple of equations

0 dp(t-) = 37 =G5 ) G ) ple-)} + GlB (eI G5

J

5 (a2 — o) ) (@) - TG (5 Dol -)G (5 ) )

edfi = Z ()G = Be—)) dRs(t),

where

G(Be=) = iy _{js Hafeo)|e) (.




Thank You




