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Introduction

The Repeated Interaction Process
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S. Attal and Y. Pautrat, Ann. Inst. Henri Poincaré 7, 59 (2006).
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The Repeated Interaction Process

The set up :

X System : HS

X Bath : HB = ∑n Hn

Hn Hamiltonian of the nth particle

X Interaction : V (t)
V (t) = Vn for t ∈](n−1)τ,nτ]

X Initial State : ρ(0) = ρs(0)⊗ρB

ρB(0) = ρ1⊗ρ2⊗ . . .ρn⊗ . . .

V(t)
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H

H
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Time Evolution

Key steps :

X Define the operator of evolution U(n)

X Write U(n) = Ln(τ)U(n−1)

with Ln(τ) = Kn(τ)⊗exp(−iτ∑j 6=n Hj)

and Kn(τ) = exp[−iτ(Hs + Vn + Hn)]

X Define ρs(n) = TrB{ρ(n)}

ρ(n) = U(n) [ ρ(0)⊗ρB(0) ] U†(n)
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Reduced density Matrix ρs(t)

X Express

ρs(n + 1) = Trn{ Kn(τ) [ρs(n)⊗ρn] K †
n (τ) }= L [ρs(n)]

Kn(τ) = exp[−iτ(Hs + λVn + Hn)]

X Take the continuous limit τ→ 0

∂tρs(t) = L[ρs(t)] L[X ] = lim
τ→0

L[X ]−X
τ

Renormalization of the coupling system-bath λ→ λ/
√

τ

S. Attal and Y. Pautrat, Ann. Inst. Henri Poincaré 7, 59 (2006).

X Lindblad equation

∂tρs(t) =−i[Hs,ρs]−∑
i

({
LiL

†
i ,ρs

}
−2LiρsL†

i

)
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Considering Fermionic Systems
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The System

A typical Hamiltonian is
HS = ∑i [c

†
i ci+1 + c†

i+1ci ] + h ∑i c†
i ci .

V(t)

S
H

H
B

τ

Make it more general :

HS =
LS

∑
i,j=1

(Ts)i,jc
†
i cj T†

s = Ts {c†
i ,cj}= δi,j
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The Bath

A bath is composed of an infinite number of
identical copies HB = ∑n Hn.

V(t)

S
H

H
B

τ

The structure of all copies are identical (same Hn for all n)

Hn =
Lb

∑
i,j=1

(Tb)i,jb
†
n,ibn,j T†

b = Tb {b†
i,n,bj,n}= δi,jδn,m
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The Interaction

During ]nτ− τ,nτ] the interaction term
V (t) = Vn is constant. V(t)

S
H

H
B

τ

We choose quadratic interactions between the system and the bath
c†

i bj,n and b†
j,nci .

Vn = λ

Ls

∑
i

Lb

∑
j

[
Θi,jc

†
i bj,n + Θ∗i,jb

†
j,nci

]
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Initial State

X The initial state is uncorrelated

X ρ(0) = ρS(0)⊗ρB(0)

ρB(0) = ρ1(0)⊗ρ2(0)⊗ . . .ρn(0)⊗ . . .

X The initial state of the entire system is Gaussian

X ρS(0) ∝ exp[−βsHS] thermalized at temperature 1/βs

X ρn(0) ∝ exp[−βbHn] thermalized at temperature 1/βb

X Under the time evolution ρ(t) remains Gaussian
X Importantly→ ρs(t) remains Gaussian
→ Two-points correlators 〈cjc

†
i 〉
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Evolution of the Correlation Matrix

We define the matrix M :

M =

(
Ms Ms,b

Mb,s Mb

)
=

(
〈c...c†

...〉 〈c...b†
...〉

〈b...c†
...〉 〈b...b†

...〉

)

(
Ms(n) 0

0 Mb

)
→

(
Ms(n + 1) Msb

Mbs M ′
b

)
→

(
Ms(n + 1) 0

0 Mb

)

(Ms)i,i = 〈cic
†
i 〉= 1−〈ns(i)〉.

(M (n)
b )i,i = 1−〈nb(i)〉.

M =

{
N (density and correlations)

J (currents)
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The continuous limit τ→ 0

In the limit τ→ 0 with the renormalisation λ/
√

τ = Λ, we finally have

∂tMs = −i [ Ts,Ms(t) ] −Λ2

2

( {
ΘΘ†,Ms(t)

}
− 2ΘMbΘ† )

∂tρs(t) = − i[Hs,ρs] −∑
i

( {
LiL

†
i ,ρs

}
− 2LiρsL†

i

)
Holds for arbitrary structure of the interactions Ts, Tb and Θ.
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Structure of this Equation

Defining Ms = I−Ns + iJs Mb = I−Nb + iJb leads to

∂tJs− [Ts,Ns] +
Λ2

2

{
ΘΘ†,Js

}
= Λ2ΘJbΘ†,

∂tNs + [Ts,Js] +
Λ2

2

{
ΘΘ†,Ns

}
= Λ2ΘNbΘ†.
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Equation structure

Defining Ms = I−Ns + iJs Mb = I−Nb + iJb leads to

∂tJs− [Ts,Ns] +
Λ2

2

{
ΘΘ†,Js

}
= 0,

∂tNs + [Ts,Js] +
Λ2

2

{
ΘΘ†,Ns

}
= Λ2ΘNbΘ†.
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Concrete Example

Quantum Spin Chain (XX)

Toy Model
Fermionic Chain
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Toy Model (1)

∂tns(t) + Λ2ns(t) = Λ2nb,

ns(t) = nb + (ns(0)−nb)e−tΛ2
.

n∗s = nb
τ
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Toy Model (2)

Entanglement system-environment is given by the von-Newmann Entropy

S(t) =−Tr{ρs ln(ρs)}=−ns(t) lnns(t)− [1−ns(t)] ln[1−ns(t)].

Non-monotonic evolution if [ns(0)−1/2][nb−1/2] < 0
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Imposing the state of the Bath

Assuming :

- independent fermions in each bath
Hn = h ∑j b†

j,nbj,n

- prepared in the same state
〈b†

j,nbj,n〉= 〈nb〉 ∀j .

- for any Θ
with at least one θi,j 6= 0

- for any Ts

with no disconnected cluster

we show that

J∗s = 0 N∗s = nb I

n

Ts

θ

(Ts)i,j [n∗s(i)−n∗s(j)] = 0
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Two temperatures Bath

For (i, j) 6= contact points

(Ts)i,j [n∗s(i)−n∗s(j)] = 0

n

Ts

θ
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Two temperatures Bath

For (i, j) 6= contact points

(Ts)i,j [n∗s(i)−n∗s(j)] = 0

JT (i) = ∑p(Ts)i,p(J∗s )i,p = 0

JT (i) = J+(i) + Ji (i) = 0.

On contact points : γ and γ′

JT (γ) ∝ n∗s −nb(1)

JT (γ′) ∝ n∗s −nb(2)

n

Ts

θ
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The Open XX Chain

HXX =−λs

2 ∑
j

[
σ

x
j σ

x
j+1 + σ

y
j σ

y
j+1

]
− h

2 ∑
j

σ
z
j

HB = ∑
n

[
H(L)

n + H(R)
n

]
H(L)

n =−h Sz
L,n H(R)

n =−h Sz
R,n

The interactions are V (t) = V (L)
n + V (R)

n t ∈]nτ− τ,τ]

V (L)
n =−λI

2

[
Sx

L,nσ
x
1 + Sy

L,nσ
y
1

]
, V (R)

n =−λI

2

[
σ

x
Ls

Sx
R,n + σ

y
Ls

Sy
R,n

]
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Stationary State

1 L
s
/2 L

s

x

0

0.1

0.2

0.3

0.4

m
z

J
*

m
*
 = ( m

L
+m

R
 ) / 2

m
1

*
 = m

*
+    J

*
γ

m
L

s

*
 = m

*
 -    J

*
γ

X Flat magnetization profil mz(x) = m∗

X Current J = (∆mz/2) γ/(1 + γ2) γ = λ2
I /2λs
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Correlation terms

X The NESS is fully characterized by
- the magnetization profile mz and its current J∗

- all other correlation terms vanish 〈c†
i cj + c†

j ci〉= 0

X Energy of interaction Ej,j+1 =−λs〈c†
j cj+1 + c†

j+1cj〉= 0.

E
23E E

12
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The reduced density matrix

One can built ρ∗s

ρ
∗
s ∝ e−∑l αl Ql , Ql = ∑

j

[
c†

j+lcj + (−1)lc†
j cj+l

]
αl = αl(m∗,J∗)

In the limit J∗� 1, defining

H(0) =−(h/2)∑
j

σ
z
j J z = i ∑

j

[
σ

x
j σ

y
j+1−σ

y
j+1σ

x
j

]
we get

ρ
∗
s ∝ exp

[
−βeff H

(0) +
2J∗

1− (m∗)2 J z
]

βeff =
1
h

ln

(
1−m∗

1 + m∗

)
which at high temperature is βeff ' (βL + βR)/2.

W. H. Aschbacher and C. A. Pillet, J. Stat. Phys. 112, 1153 (2003).
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Summary

Using the Repeated Interaction Process,

∂t ρs(t) = − i[Hs,ρs] −∑
i

( {
LiL

†
i ,ρs

}
− 2LiρsL†

i

)
On quadratic fermonic systems,

∂t Ms =−i [ Ts,Ms(t) ] −Λ2

2

( {
ΘΘ†,Ms(t)

}
− 2ΘMbΘ†

)
For Gaussian state : ρs(t)↔Ms(t)

X XX Chain : re-construct the reduced density matrix ρ∗s
X Considering disordered systems

J. Phys. A : Math. Theor. (IOPSELECT) 43 (2010) 135003

X can we avoid the destruction of correlations ? ? ?
X look for thermalisation conditions ? ? ?
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Thanks to ...

Dragi Kareveski

Stephane Attal

Rosemary J. Harris (Queen Mary, London)

Thank you for your attention
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